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PREFACE 

The present work is intended for students who have 
already covered a considerable portion of the usual course 
in analytical geometry, and is written rather by way of 
appendix to tne ordinary text-book, than as an attempt 
to impart the rudimenfs of the subject. The use of 
the single variable is developed at some length, and the 
elementary theory of equations is applied comprehensively 
to problems in analytical conies. On these methods 
depend a large proportion of the problems in analytical 
geometry, though comparatively little space is afforded 
them (no doubt with wisdom in the case of beginners) in 
most text-books. If thoroughly understood, however, a 
method which can be so constantly applied will furnish one 
of those plain high-roads which are so necessary to the student, 
if he is to get a real grasp of the subject and readiness in 
applying what he knows. The use of the equation of the 
straight line which passes through a given point and has 
a given direction is enlarged upon also, ana various well- 
known equations are reduced conveniently to this form. Its 
applications are many, and in particular it often provides 
a linear expression for a quantity where otherwise we should 
be troubled with a quadratic surd. 

Moreover, though only elementary work is done, and simple 
results arrived at, it is hoped that the analysis is arranged and 
developed in such manner as to give the student some work- 
able notions of analytic research, which may perhaps assist 
him in higher and narder problems. To this end several 
results are given, which the author beKeves to be new, though 
perhaps they are not of great importance or of very wide 
application. The reader is strongly recommended to work 
out the examples given in the text o^ore reading the solutions, 
so that he may discover the difficulties they are intended to 
illustrate. My thanks are due to the Delegates of the 
Clarendon Press for permission to copy many of the appended 
exercises from the various University examination papers. 
I would also acknowledge my indebtedness to my former 
tutor, Mr. C. H. Sampson, M.A., of Brasenose College, Oxford, 
who^ has given me encouragement in this work from time 
to time ; the extent of my debt to him in general it is 
impossible to estimate. Finally, my best than& are due to 
my former pupil, Mr. Charles W. Adams (of Westminster 
and Trinity Coflege, Cambridge), who has corrected the proofs, 
made many valuable suggestions, and compiled the index. 

A. C. J. 

Bradford, 1903. 
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CHAPTEE I 

THE STRAIGHT LINE 

§^1. The general equation in Cartesian coordinates of a 
straight line is 

il»+%+C= 0. 

When Ay J3, and G are constant quantities this is the equation 
satisfied by the coordinates {x, y) of any point on the line. 
On the other hand, if ^1, B, G are regarded as yariable 
constants, it is an equation satisfied by the constants Ay By 
and Gy corresponding to any straight line which passes 
through the point {xy y), this point being fixed. The most 
important forms to which this equation of a straight line 
may be reduced are as follows: — 

M = .. ... ... (D 

The constants a and b are the lengths of the intercepts 
made by the straight line on the coordinate a^^es. This 
equation may also be regarded as one connecting the lengths 
of the intercepts made on the coordinate axes by a variable 
straight line which passes through the point {xy y) ; in this 
sense (a, h) may be regarded as the coordinates of such lines. 
20coscx+^ sincx=j7. ... ... (U) 

In this form of the equation p is the length of the perpen- 
dicular drawn from the origin to the straight line, and a. 
the inclination of this perpendicular to the axis of Xy 
i. e. the angle Oi detemdnes the direction of the line. 

cosd sind ^ ' 

In these equations (a, &) is a fixed point on. the straight 

JOHES B 



2 CONICS 

line ; ,{x, y) any point on tbo line ; r the distance between 
the points (o, h) and {?;, ^f):; and B the inclination of the 
straight line to the axis oi k* _ 

The two constants which occur in each of these equations 
correspond to the two conditions which are necessary to 
determine a strai^t line ; e. g. 

(i) Two points, (ii) One point and the direction, 
(iii) Two circles of which it is the radical axis. 

The last equation (III) appears to contain three constants ; 
two of these however, a and 6, are not independent, being 
connected by virtue of the fact that the point (a, h) is on the 
straight line. The equation reduces to 

X sin^— y cosd = a BmO—h cosd =p. 

The general equation of a straight line may be put in 
this form in the following manner : — 

Choose any point (a, h) on the straight line, any value 

a being substituted for x and the corresponding value h oi y 

determined. Thus ' « ^ rv 

Ax-^By-^C^^ 

and* ila+^6+C = 0, 

hence, eliminating C, ^Z^ =i ^^^ ; 
— B A 

A 
therefore if d is taken so that tan d = — -^ , it follows that 

JS 



x—a 
cosd 



"sind" ( cos»d+sin»d ) 



Further, if the quantities a, &, and are known, since 
aj = r cos 61 + a, 
y =:r sind+5, 

the coordinates of any point on the straight line can be 
expressed in terms of the single variable r ; i. e. the point 
(r cos ^ + a, r sin ^ + 5) lies on the straight line for all values 
of the variable r. 



THE STRAIGHT LINE 3 

§ 2. The following examples illustrate the method of using 
equatioii (III).. 

(i) To find the coordinates of a point on the straight line 

-cosd+?sind=l, 
a 

icTiOse distance from (he point {acosBy h sinB) is 
{a»8in»d+6«cos«^}i 
The equation of the line may be written 
X— a COS $ ^y^h &in$ ^ r 

—a Bind ■" bcoaO " {a*8in*^ + ft*cos"^}*' 

hence, substituting for r the given value, the values of the 
coordinates {x^ y) of the required point are 

a(cos^— sih^, 5 (cos^+sin^). 

(ii) To find the distances from a point (a, h) of the intersections 
of a straight line through the point in the direction with the 
drde u^-\-^=zd\ 

Any point on the line is (rcos^+a, rsin^+6), this 
point lies on the given circle if 

(r cos^+a)*+(r sin^+6)» = d^, 

i.e. if r»+2r(acosd+6sind) + a»+ft^--(i* = 0. 

This is a quadratic equation in r, giving the required lengths. 
Incidentally it may be noticed that : 
(a) Since the equation is quadratic, any straight line meets' the 

circle in two i>oints. 
(&) If the values of r given by this equation are r^ and r,, then 

fi r^ = a^-¥ &•— d* = a constant. 
This result corresponds to Euc. III. 35, 36. 

§ 3. Several well-known results may be easily deduced 
from the equation of a straight line in the form (III) ; they 
are given here in order to familiarise the reader with the 
meaning of the various elements in this equation. 

B2 



4 CONIOS 

(i) To find the candUion that two straight lines should he 
parallel. 

If Ax-^-B^-^C = is one of the straight lines, it has 
been shown that if it is put into the form (111)^ 

tand = -|. 

The element 6 determines the direction of the straight 
line and is therefore the same in the equations of all 
parallel straight lines. Henoe, if two straight lines are 

parallel, the ratio -g of the coefficients of x and y in 

their respective equations is the same. It follows that 
in general Ax+By+G = represents a system of parallel 
straight lines for different values of C. 

(ii) To find the equation of a straight line through the jpoint 
(a, b) perpendicular to the straight line Ax-^By-\-C=^0. 
If 6! is the direction of the given line, so that 

A IT 

tan d = — =, then 0±- is the direction of the* required 

line. 

The equation of the line through the point {a, b) in 

the direotion ^ + x is 7—^ = 3 : hence the required 

— 2 — smd cosd' ^ 

equation is 

5(aj-a)-i4(y-6)=0. 

(iii) To find the angle between two straight lines whose equations 
are Ax'\'By+C = and A'x+B'y + C'^O. 

If and (f> are the directions of these lines respectively, 
the angle between them is (^— </>), which in terms of the 
coefficients of the given equations is 
^ ^A'B-^AB' 

^'jrl^BF' 

(iv) To find the perpendicular distance of the point (a, b) from 
the straight Une Ax+By+C =^0. 
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The equation of a straight line through the point (a, h), 
perpendicular to the given line, is 

This line meets the given line at a point whose distance (r) 
from the point {a, h) is given by 

Hence r = H ^ • 

§ 4. The form of the equation of a straight line given in 
§ 1 (III) may be usefully applied to an analytical discussion 
of problems in the theory of inversion. The following 
examples will sufficiently illustrate the method : — 

(i) To find the inverse of a straight line with regard to any 
point: 

Let the origin of coordinates (0) be the centre of inyersion, and let 
the equation of the straight line be 

Ax + By+C^O, 
The equation of any straight line through the origin is 

COS0 sin0 . 
The distance from of the point (P), in which this line intersects 
the given line, is given by the equation 

r(AcoaB + Bain$)-i-C=^0, 
Suppose P' is the point on the inverse corresponding to P and let 
OP' «/, then r/«fc».V 

Substituting for r it follows that 

1^{AcosB + BBin9) + 'r'C ^ 0. 
Now since the point P' is on the straight line OP, its coordinajtes 
are r cos 0j r' sin ff; hence the equation of the inverse is 

fc»(^a; + Bj/) + 0(x> + !^) « 0. 
This equation represents a circle passing through the centre of inver- 
sion, whose centre lies on the line Bx—Ay^O drawn through the 
centre of inversion perpendicular to the given line. 
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(ii) To find the equation of the inverse of a parabola, the 
vertex being the centre of inversion. 

Let y*— 4005 = be the equation of the parabola. 

Any straight line through the centre of inversion (0), whose 
equation is ^ x y 

GOS0 ^ Bin$ * 
meets the parabola in points (P), whose distances from are given by 
the equation, r» sin« d- 4 or cos tf - 0. 

If r' is the distance from of the point corresponding to P, since 
rr' -s fc* it follows that 

A? sin* d— 40/ cos ^ = 0. 
Hence the equation of the inverse is 

&»»»-4aaj(x» + »«) = 0, 
which may be written a? « y* (c - ac), 

where fc* — 4 oc 

(iii) To prove analyticaUy that the inverse of a system of 
coaoml circles with respect to a limiting point is a system 
of concentric circles. 

Let a^ + y" + 2sfx+ci'«0be any one of the system of coaxial circles, 
whose limiting points are ( + d, 0). Any line through a limiting 
point is x + d y 

cos ^ ** sin tf 
This line meets the circle at points whose distances from the centre 
of inversion are given by the quadratic equation 

(rcos^±d)* + r*8in*d + 2flr(rcos^ + d) + d* = 0, 
i.e. r^'¥2rcoBe(ff±d) + 2a(d±ff)=^0. 

The equation connecting the distances of corresponding points on 
the inverse from the centre of inversion is accordingly 

,J^^ +2Jc^T^cose + 2dr^^ « 0. 

Hence the equation of the inverse curve is 

J^ +2fc«(x + d)±2d {(x + d)« + ir»} - 0, 

which represents for various values of ^ a system of cii'cles whose 
centre is the fixed point 

f^2d«-A» ) 

. li-2d-'n- 

§ 5. The equation 

Ax+By+G=:0 ... ... (I) 
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is usually regarded as that of the locus of a variable point 
{x, y\ whose coordinates satisfy the condition expressed by 
this equation ; it can also be regarded in a converse light. 
Consider the two constants implied by the ratios AiBiC as 
variables, and the point {x, y) as fixed. The values of these 
ratios which satisfy the condition Ax+Bt/'\-C= give the 
equations of all lines which pass through the fixed point 
{x, y) ; the number of such lines is infinite. If, however, 
sonie condition, such as 

/(^, §) = o, ... :.. (II) 

be given, the nimiber of such straight lines which pass 
through a fixed point is reduced to a finite quantity 
depending upon the degree of equation (II); further, one 

of the ratios {-^\ can be theoretically obtained in terms of 
the other (y^), or, in other words, these ratios are functions 

of a single variable. If any given form of the equation of 
a straight line, in which the constants are functions of a 
single variable, is under consideration, this variable repre- 
sents the line and when known fixes it. 
As an example consider the line 

Ax+By = a% 
where the constants are connected by the relation 

Put A = acoa(X, ^ = a sin Of, which satisfies the given 
condition for all values of ot, and includes all possible values 
of A and B^ since each must be less than a ; the equation 
may then be written a? cos a +y sin a = a. 
The element ex may now be regarded as the coordinate of the 
straight lines, whose equations are of this form. 

A particular form of the equation of a straight line 
corresponds in general to some geometrical property ; in the 
example above, the line must touch the circle 
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The number of such lines which pass through any fixed 
point {hj k) is limited, for (X must satisfy the equation 
A coscx+^ sin a = a, 

i. e. (a+A)tan' -— 2l;tan- +o— A = 0. 

This equation is quadratic in tan-, hence two such 

z 

straight lines pass through any point (A, k\ which are real, 

coincident, or imaginary, according as the roots of (his 

. ' . OL 

equation in tan - are real, coincident, or imaginary ; i. e. 

a 

according as A'+i*>= or <a\ 

This result may be interpreted geometrically thus : through 
any point two tangents can be drawn to a circle, which are 
real, coincident, or imaginary, according as the point lies 
outside, on, or inside the circle. 

As another example, consider the S3^tem of straight lines 
whose equations are of the form 

The values of A corresponding to those straight lines of the 
system which pass through any fixed point (A, k) are given 
by the equation A\'+aX + A?=0; 

this equation being cubic, it follows that three such lines 
pass through any point 'If A^, A,, A, are the three values of 
A given by this equation, since the coefficient of A^ is zero, 

Ai+A, + A, = 0, 
which is a condition independent of the coordinates (A, k) of 
the chosen point. 

Hence if the three straight lines 

are concurrent, the sum of Aj, A,, and A, must be zero. 

This condition is sufficient, as well as necessary, since, 
provided the three values of A satisfy this relation, the point 
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{hy k) can be determined from the relations 

(i) To find the condition that the lines 

XBm3oc + f/sm(X=a 
cBsin3^+ysin^= a 
xQin3y-{-ysmy = a 
should he concurrent. 

If the point {x, y) lies on each of these lines, a, /3, and 7 must each 
satisfy the equation x sin 8 « + y sin ^ = a. 

This may be written 

4x8in*^+(y— Sa:)sind— a « 0, 
which is a cubic equation in sin 0, therefore a, $, 7 are the values of $ 
given by this equation. 

Since the coefficient of sin* ^ is zero, 

sin a + sin /3 + sin 7 = 0, 
which is the required condition ; for since any two lines meet in 
a point only one condition is necessary in order that a third should 
pass through the same point. 

(ii) If the four straight lines 

a5sin2a+y = aBin(a+<^) 
a;sin2^ + y = asin()8-|-^) 
a;sin2y + y = asin(y+^) 
X sin 25 + y = a sin (S + <^)- 
meet in a point, prove that 

As in the last example, a, /3, 7, 8 each satisfy the equation 

05 sin 2^ + y « a sin (^ + ^), 
which reduces to 

• (2 X tan $ + y + y tan* $y =» a' (1 + tan* B) (tan ^ cos ^ + sin <p)\ 
The coefficients of tan and tan' $ in this equation are equal, hence 
S tan a s S tan a tan /3 tan 7. 
Hence taa(a + /3 + 7 + 8) - 0, 

or, a + /9 + 7 + 8 = nir. 

This condition is necessary, but not sufficient, two conditions being 
required in order that /our lines should be concurrent. 



CHAPTER II 

THE EELATION OF THE STRAIGHT LINE TO THE 
GENERAL CURVE OP THE SECOND DEGREE 

§ 6. The general equation of the second degree is usually 
written 

A further usual and convenient notation represents by the 
capital letters Ay B, G, F, G, H the minors corresponding to 
«> ^i ^} fy 9i h respectively, in the determinant 

a h g 

A^ h b f 

9 f <^ 

i.e. A = hc—f% F = gh—af. 

B = ea-fy G = hf^hg. 
G = ab-h\ H=fg^ch 
It follows algebraically that 

Aaz^BG-F^y&c, 
and Af=Gff^AFy&c. 

. § 7. In this chapter the general properties of the locus 
represented by the general equation of the second degree 

<^ (a?, y) = aa!» + 2Aa^ + 5y«+25ra?+2/y+c = (I) 

are deduced by considering its relation to the straight line 

cos(;"sin6^"" • ^^^^ 

It should be again noted that in using this equation (II) 
we have three elements at our disposal (viz. the point 
(ac, /3), the angle 0, and the length r) any one of which 
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may be considered variable ; thus the properties can be 
determined : — 

(i) Of points which are on a straight line drawn in the 
direction B, which are a variable distance r from the point 
((X^ P) determined from some further geometrical condition. 

(2) Of points which lie on a pencil of straight lines drawn 
through the fixed point (a, /3) in a variable direction, which 
are at a determinate distance r from the point (ex, )9). 

(3) ^^ points (a, /3) which lie on a system of parallel 
straight lines drawn in a constant direction 6y which have 
some further geometrical property in virtue of their dis- 
tances r from other determinate points on the straight lines. 

§ 8. The coordinates of any point on the straight line 
§ 7 (II) are given by a? = r 00s ^ + a, y = r sin ^ + )3 ; the 
value of r or ^ determines this point according as r or is 
considered variable. 

The point (a?, y) will also lie on the locus 

if the substitution of these values of x and y in this equation 
satisfies it ; hence the equation 

r»{acos'^+2Acos^sin^-f6sin*^) 

+ 2r {(aa + A)3+^)cos^+(Aa+6/3+/)sin^} 

+ </>(a,^) = (III) 
gives : 

(i) The distances (r) of points which He on the straight 
line and the locus from the point ((X, fi), i.e. the distances 
of the intersections of the straight line and the curve.of the 
second degree from the point (ex, fi) ; 

or, (2) if d is considered variable it gives the directions 
{B) of straight lines drawn through the point (a, /J), whose 
intersections with the curve of the second degree are distant 
r from the point (a, )3) ; 

or, (3) if (a, /3) is considered variable it gives the locus 
of points ((X, )3), which are distant a length r from points on 
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the curve of the second degree measured in a fixed 
direction 0. 

§ 9. Since the equation § 8 (III) is quadratic in r, it is clear 
that to a given value of 6 there correspond two values of r ; 
in other words, any straight line through the point {oc,'P) 
meets the curve represented hy the general equation of the 
second degree in two real, coincident, or imaginary points, 
according as the roots of the equation § 8 (III) are real, 
coincident, or imaginary. Since (a, /3) is any point, it 
follows that every straight line meets the curve of the second 
degree in two points. 

Again, if r is regarded as constant, the equation § 8 (III) is 
biquadratic in tan ; hence four straight lines can be drawn 
through the point {(X, ^), whose intersections with the given 
locus are distant a length r from the' point {(X, 0) ; in other 
words, a circle of radius r and centre (a, 0) cuts the curve in 
four points which, since imaginary roots occiir in pairs, 
must be all real, two real and two imaginary, or all imaginary. 
The radius r and the coordinates of the centre (ex, 0) can 
have any values ; hence every circle meets the curve of the 
second degiee in four points. ' 

§ 10. To find the centre of the conic represented hy the general 
equation of the second degree. 

If any chord of this conic is bisected at the point (a, 0) 
the values of r obtained from the equation § 8 (III) must 
be equal in magnitude and opposite in sign ; in this case the 
coefficient of r must be zero, hence 

(aa + A/3+^)cos^+(/*a+fc)3+/) sin^= 0, 

which gives fa^^^ = - Ao(4-6/34-/ ' 

Since the tangent of an angle can have any value, a real 
value of 6 can always be found to satisfy this relation. 
It follows that through any point (a, ^) one, and in general 



= n ... ... (IV) 

^=±03 
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only one, chord of the conic can be drawn bisected at the 
point (a, p). 

Note, The intersections of the chord and conic may not be real, 
but the middle point of the straight line joining the two imaginary- 
points is real. 

In the particular case in which the coordinates of the 
point {oCy ^) satisfy both of the equations 

Aa+6^ + /= 

the coefficient of r vanishes for all values of 0, hence every 
chord through the point {(X, /3) is bisected at this point 
This point is called the centre of the conic ; its coordinates 
may be found by solving equations (lY) simultaneously ; these 
coordinates are .hf^bg gh-aA (G F. 

Note (i). If the origin is the centre of the conic, then 

hf=bg and af^^^hg; 
therefore /=^=0 unless ab—l^ is zero. The general 
equation of a conic referred to coordinate axes through its 
centre is consequently 

aa?+2hxy^by^-\-c=.*0. 

Note (2). If oft— A* = the coordinates of the centre are 
infinite, the general equation then represents a parabola. This 
condition implies that the terms of the second degree, viz. 

a3^-\-2kxy-\-by^y 
form a peifect square. 

Note (3). If F=:a=zO=^0, the coordinate of the 
centre become indeterminate, and the curve of the second 
degree reduces to a pair of parallel straight lines. 

Note (4). If the point (a, 0) is the centre of the cuiTe, 
the length of the radius drawn from the point (ex, 0) to the 
curve -is given by 



acos'^+2^sindcosd+6sin'd 
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If the length of this radius is constant for all values of 0, 
the expression acos*^ + ft sin'^+2Asindcosd 
must be constant for all values of 6, consequently 

* a = 6 and A = 0. 
It follows that the general equation of the second degree 
represents a circle when a = b and A = 0. The most 
general equation of a circle is 

»" + y' + 2^aj+2/y+c=xO. 

§ 11. To find the locm of the middle points of parallel chords 
of the conic. 

If (ex, 0) is the middle point of one of the parallel chords 
drawn in the direction 0y it has been shown that 

(aa+A^+5F)cosd + (Aa + 6^+/)sindt=0. 

Hence the locus of the middle points of all chords drawn in 
the direction 6 is 

(ax+hy+g)coad + {hx+h^+f)m.n0=^ 0. 

This equation represents a straight line passing through « the 
centre of the conic, ie. a diameter of the conic. 

The incli^iation ^ of this straight line to the axis of a? is 
given by a+Atan^ 

*^^^=-A+6tand' 

hence if the middle points of chords drawn in the direction B 
lie on the diameter drawn in the direction ^, 

a+A(tand+tan^')+6tandtan^=0. 
From the symmetry of this condition it is clear that if 
a diameter in the direction 6 bisects all chords drawn in the 
direction 0^, a diameter in the direction 6^ will bisect all 
chords drawn in the direction 0. 

Diameters so related are said to be conjugate ; hence if 6, 
6^ are the directions of any pair of conjugate diameters of the 
general curve of the second degree, 

a+h (tan^+tan ^)+6 tan ^ tan 6' = 0. 
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§ 12. To find the conditions that the curve represented hy the 
general equation of the second -^degree should he an eUipsey 
a parabola, an hyperbola, or a rectemyular hyperbola. 

The equation giving the lengths of the segments of a chord 
drawn through the point {pc, /3) in the direction 9, has been 
shown to be 

r* (a cos« ^ + 2 A sin ^ cos ^ + 6 sin» ^) 

'h2r'{(aOi + hfi-^g)coBe + (h(X + bfi+f)sme} + 4>{(X, /3) = 0. 

If the coefficient of r* in this equation is zero, i. e. if 

a coa^e+2h sin 6 cos (? + 5 sin* ^ = 0, 

one of the segments is infinite in length, and the line drawn 
through the point {oc, )3) in the direction 6 meets the curve 
at one point at infinity. Since this equation is quadratic 
in tan d, there can be drawn through any point {a, /3) two 
lines to meet the curve at infinity, whose directions are 
given by this equation. The equation being independent of 
the coordinates {pc, fi), it follows that if one line drawn in 
the direction 6 cuts the curve at infinity, all lines in this 
direction cut the curve at infinity. 

Again, if the coefficient of r also vanishes, i.e. if (a, fi) 
is the centre, both values of r are infinite; hence lines 
drawn through the centre in directions given by 

6tan'd+2Atand+a=0 

meet the curve in two coincident points at infinity. These 
two lines are called the asymptotes of the conic and are the 
pair of tangents drawn from the centre to the conic. 

The a93rniptotes are real> coincident, or imaginary, accord- 
ing as the roots of the equation in tan 6 are real, coincident, 
or imaginary, ie. according as 

ab—h^ is <=or > 0. 
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If they are real, the curve extends to infinity, and is 
called an hyperbola. 

If B^f 6^ are the directions of the asymptotes, they 
are at right angles if 

tan ^1 tan ^2 = — 1, 
i. e. a + 6 = 0, 

which is the condition that the general equation should 
represent a rectangular hyperbola. 

If the asymptotes are imaginary, the curve does not 
extend to infinity ; it is accordingly a closed curve, and 
is called an ellipse^ 

If the asymptotes are coincident aft— A' = 0, 
which is also the condition that the centre should lie at 
infinity ; hence in this case the line at infinity touches 
the curve, which is called a parabola. 

§ 13. To find the equation of the asymptotes. 
' The directions of the asymptotes pe given {§ 12) by 
the equation 

acoB^0+2hBixiOco&O+bmi^e = O, 
and any point on the corresponding lines satisfies the equation 
X--OL y— )3 
*cos sin $ 
if the point (o(, )3) is the centre. 

Hence, substituting for cos 6^ and sin^, the equation to 
the asymptotes becomes 

which reduces to 

aaj*+ 2Aajy+ V— 2a? (a(X+hp)—2f/{hai-hl3) 

+ aa*+6/32+2Aaj3 = 0. 
Since (a, )8) is the centre, 

aa+hfi+g = 
ha+bfi+f=:0, 
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hence aa'+2Aa/3+6/3*— c 

= oc{a(X + h^)+fi{ha + b^)-e 

- -goc-fp-e 

9/ cibc + 2fyh-af-h^-ch* 

^ ab-h* 

A 

Hence the equation of the asymptotes of the conic 
<t>{x,y) = 

is <^(», y)-^ = 

which differs from the equation of the conic only by the 

constant p^- 

Note (i). Since the equation 

represents a pair of straight lines, it is clear that, if A = 
identically, <^ (a?, y) = must represent a pair of straight 
lines. Consequently, the condition that the general equation 
of the second degree should represent a pair of straight lines 
is A = 0. 

Note (2). If A = and C = 0, the ratio ^r )t)ecomes 

indeterminate. It may be shown that under these conditions 
the locus (f) (a?, y) = reduces to a pair of parallel straight 
lines, viz. (Aa- + by +fy + c -/^ = 0. 

§ 14. To find the direction and magnitude of the axes of the 
conic represented hy the general equation of the second degree. 

"Def. : — ^An axis is a diameter of a conic whose length is 
a maximum or minimum. 

)ONES C 
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If the point {(X, fi) is the centre of the conic, the length of 
a radius through the centre in the direction is given by 

r*(acos^^+2A aiaO coaO + b sin'^) + <^{a, fi) = 0. (I) 
The value of r is a maximum or minimum when 

acos'^+2A sin^ cos^ + 6 sin^d 
is a minimum or maximum. 
This expression may be written 

\ {{6i + J)+{a— 6)cos2^ + 2Asin2^}, 
But {(a-6)cos2^+2Asin2^P 

= (a-5)2+4/t»-{(a-6) sin 2^- 2 A cos2^}^ 

The maximum and minimum values of the first expression 
are accordingly 

and the corresponding values of 6 are given by 

tan 2(9 = -^, (II) 

a—b ^ ' 

which equation consequently gives the directions of the axes. 
The lengths of the axes can be found by substituting the 
values of ^ given by the equation (II) in the expression 
found for r ; this process is equivalent to eliminating Q between 
eQ[uations (I) and (II). These equations can be written 
h tan'^^^- (a-5) tan Q-h = 

(6+ii^))tan«^ + 2Atand + (a+il5^>) = 0. 
Eliminate tan Q by cross-multiplication, then 

an equation in r^ whose roots give the lengths of the 
required semi-axes. 

This equation may be more simply derived from the 
following consideration : — 
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Since the length of any radius drawn in the direction is 
given by 

r« (a cos^^ + 2^ sin 6 cos ^ + 6 sin' ^) + <^ (a, /J) = 0, 

or, (6+*J^)tan»d + 2Atand+(a+*i^))=0, 

which is quadratic in tand, there are in general two 
radii of any given length r ; in the case of the axes these 
lengths are a maximum or minimum, hence the directions 
of the pair of equal diameters, whose lengths are equal 
to the length' of one of the axes, become coincident ; the 
condition that the above equation should give coincident 

values of a is ^^^ t(j£)) (6+ *i^)) = A«, 

which is the required equation. 

It follows at once from § 7 that, since the centre lies on 
the asymptotes, A 

and the equation giving the lengths of the semi-axes can be 
written , A \ • A \ 

(«+^)(^+^)=*'' (iii> 

Note (i). Since the ratio of the squares of the axes is 1 ^^e*, 
an equation giving the eccentricity (e) can at once be found. 

Note (2). The axes are the lines through the centre 
(a, fi) drawn in the directions given by 

tan2d = -^, 
a—b 

or, Asin'tf+(a— 6)sin^cos^— Acos'^ = 0. 

The coordinates of any point on a line through the point 

(a, 0) in the direction 6 satisfy 

cos d sin 
hence the equation of the axes is 

h (x^ a)»-(a-6) (a?-a) (y-/3)-A (y-/3)« = 0, 
02 
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which represents a pair of lines passing through the centre 
and parallel to the lines j^ {a^^y^) = (a— 6) xy. 

Solving this equation for -, it follows that the equations 
of these straight lines are 

respectively, where r^ r^ are the semi-axes. 

§ 15. To find the equation of a pair of tangents drawn to 
a conic from any point ' 

The lengths (r) of the intercepts made by the conic on 
any straight line drawn from the point (a, yS) in the direction d 
are given by the equation § 8 (III) 

r«(acos'^+2Asin^cos^ + 6sin«^) 

+ 2r{(aa + A/3 + 5r)cosd + (Aa + 6^+/)sind} 

If this straight line is a tangent to the conic, the two values 
of r given by this equation are coincident, i. e. the equation 
has equal roots. The corresponding condition is 

](aa + Aj3 + ^)cos^+(/ia+6)3+/)sin^}' 

= <t> {oc, B) {d co&^e+2h sin ^ cos ^+ 6 sin* 6). (I) 
This equation may be regarded as one to find the directions 
{0) of the tangents from the point (a, /3) to the conic ; it is 
quadratic in tand, hence from any point two tangents can 
be drawn to a conic, which are real, coincident, or imaginary, 
according as the roots of this equation in tand are real, 
coincident, or imaginary. 

Note. The condition that it should be possible to draw 
from any point two real, coincident, or imaginary tangentai 
is clearly the same as that the point should lie outside, on, 
or inside the conic. 

The equation (I) can be written 
((7a*-2(ya+il)tan^^-2(Ca^-i^a-G'^+Z0tan^ 

+ (Cy3»-2/^y3 + ^) = 0. 
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The roots of this equation are real, coincident, or imaginary, 
according as 

{Cocfi^FoL-Gfi-^Hy is.> = or < 

which immediately reduces to 

A<f>{(X, /3)is < =or >0. 

Hence a point (a, /J) lies outside, on, or inside the conic, 
according as A <^ (a, fi) is negative, zero, or positive. 

Again, since the coordinates of any point on the tangent 
satisfy the equation x—cx y— /3 
cos 6 " sin d 
it follows that the equation of the pair of tangents is 
{(aa + A/3 + ^)(a;-a) + (Aa + 6^+/)(y-/3)P 

which is identical with 

<i>{x, y) 0(a, /3) = {(aa + ?i/3+^)cc+(Aa+6/3+/)y 

NoTB (i). If (a, /3) lies on the conic, 

and the tangents become coincident. Hence the equation 
of the tangent at any point (a, /3) on the conic is 

Note (2). The two tangents from the point (a, /3) are at 
right angles, if the directions ^j, 0^ given by equation (I) 
of this section satisfy the condition 

l+tan^itan^2 = 0> 
ie. if (aa+;k)8+^y+(Aa+6/3+/y-(a + ^) <^(a, /3) = 0. 

This equation gives the locus of the point (oc, ^), tangents 
from which to the conic are at right angles* It may be 
written, putting x for a, and y for )3, 

C{x^'\-y^)-2Gx-2Fy-\'A+B = 0. 
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This represents a circle, called the director circk, its 

centre (^, p^ ) is also the centre of the conic^ and the square 

of its radius is equal to the sum of the squares of the 
semi-axes. (§ 14. III.) 

If the conic is a parabola, C7 = 0, and the director circle 
reduces to 26^a;+2^y-il-jB= 0, 

which represents the directrix of the parabola. 

§ 16. To find the lengths of the tangents which can 'be drawn 
from any point (a, /3) to the curve of the second degree. 

It has been already proved that these lengths (r) are given 
by the equation 
f^{a cos*e + 2h sin 9 cos ^+6 sin'^) 

+ 2r(Pco&e+QQin0) + <f}{(X,fi)=iO. ... (I) 
where P = aa + A/3 + ^, and Q = h(X + hp-\-fy 
and the angle satisfies the condition 
{a cos'^ ^ + 2A sin ^ cos ^ + 6 sin' 6) 4> (a, /3) 

= {Pcoae+Q6me)\ ... (II) 
If p represents the length of either tangent, since the roots 
of equation (I) are equal, 
2>* (a cos' ^+ 2h Bin0Goae+h sin' 0) 

= 4>=z(t>{co&'0j^&in^0) ... (Ill) 

where <^ is written instead of <^ (a, )3). 

Hence (6p»-<^)tan'^ + 2V tand + (ap'-<^) = 0, (IV) 
From equations (11) and (III) it follows that 

p^P cos 0+Qam 0f = <f>^ = </>'(cos'^ + sin'^), 
or, (;^'C*~<^')tan«d+2PQpHan^+jo'P'-<^* = 0, (V) 
The equations (IV) and (V) are each quadratic in tan 6 ; 
the elimination of tan d from these equations gives an 
equation in j), the coefficients of which contain only the 
coefficients in the equation of the conic, and the coordinates 
of the chosen point {oc, p) ; this eliminant is consequently 
the equation required giving the lengths of the tangents* 
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The elimination of tan gives, 

= [{af-4>) (i^e'-**) - (ftp*-*) (i^^-*")r 

which is a quadratic equation in p^, whose roots are the 
squares of the lengths of the two tangents which can be 
drawn from the point (a, P) to the conic. 

This result may be reduced to the following : 

where X=2{h(l>-^PQ), 

M^P(aQ--hP\ 
N=Q{bP-hQ). 

It is interesting to notice that the lengths of the tangents 
reduce to zero, not only when = 0, i. e. when the point 
(a, P) is on the curve, but also when X = and T = 
simultaneously. The conditions X = F = denote that 
the point (a, fi) is one of the foci of the conic ; hence the 
tangents to a conic from either of the foci, though imaginary, 
are zero in length. 

§ 17. Let be the point (a, /3) and OPQ the line 
cos 6 sin 6 
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Beferring back to equation (III), § 8, it follows that 

OPArOO= - 2 [(«« + ^/^ + g) cos g + (A« + ^^ +/) Bin g] 
■*" ^ aco8'fl+2Asintfco8d+ftsin»tf 

and Oi'.Oe= ^^^^ 



a COS* 6^ + 2 A sin ^ COS (9 + 5 sin'' d 

The following propositions may be deduced from these 
results :— 

(i) If the general equation represents a circle it has been 
shown that a — h and A = 0. 

In this case OP . OQ = — ^— ^ — - = constant, which corre- 
sponds to Euc, III. 35, 36. 

(2) If OP' ^ is drawn in the direction ^, the ratio of 
the rectangles OP'.OQ' and OP.OQ depends only on the 
directions d and 6^ ; the ratio is 

a cos* ^ -h 2 A sin ^ cos ^ + 6 sin* $ 
acos*d'+2Asin^cos^ + 6sin*r* 

Since this ratio is independent of the coordinates of the 
point {oCf )3), it follows that the ratio of the rectangles 
contained by the segments of any pair of chords drawn in 
fixed directions is constant. This ratio is hence also that of: 

(i) The squares of the lengths of two tangents parallel to 
the chords. 

(ii) The squares of the parallel diameters, 

(3) If straight lines are drawn through two points, (a, /3) 
and 0' (a', ^'), in the same direction 0, to meet the curve in 
the points PQ, P'(^ respectively, the ratio of the rectangles 

OP . OQ and O'P". V is ^rr-^, ; hence the ratio of the 

rectangles contained by the segments of parallel chords 
through two points is constant and independent of the 
direction of these chords. 
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(4) To find the locus 0/ a point B on the straight line OFQ, 
when {OEFQ} is an harmonic range. 
Let OR = r, then 

2_ 1 1 _ OP + OQ 

r^OP'^ OQ" OF.OQ 

_ 2 {(a(X-\-h^ + g)coaB'\'{h(X + hfi+f)&mO\ 
</>{a,/i) 
Hence 

rcos^(aa+A^+S^)+rsin^(Aa + M+/) + <l>(a, /3) = 0, 
But the coordinates of the point E are giyen by 

cos " sin 6 "" 
Hence the locus of E is 

{c»-a)(aa + A^+5r)+(y-/3)(Aa+6^+/) + <^(a,^) = 0, 
i.e. x{a(X + hfi+g) + y{h(X'\'bfi+f)+ga-]-f^ + c=:0. 

This equation represents a straight line, which is called 
the polar of (a, /3) with respect to the conic. 

This equation can also be obtained by using another 
geometrical property of the pole and polar ; viz. the polar of 
a point is the chord of contact of tangents drawn from the 
pole to the conic 

The distances of the points of contact of the tangents from 
the point {oc, 0) are given by the equation, 

r» (a cos*^+2 A cos ^ sin ^ + 6 sin^ ^) = </> (a, 0), 
Hence these points of contact lie on the locus 

a {x^oCf^2h (x^OL) (y-^) + h {y-^f = </> (a, ^), 
they also lie on the conic ^ {x, y) = 0. 
The former equation thus becomes 

2x{aCX + hfi) + 2y{h(X + b0) + 2{g(X'^fP'\-c) 
= ax^'\'2kxy-\-by^+c 
= -2^a:-2/y, 
i,e» aj(aa + A^+^)+2/(Aa + 6/3+/)+(^a+/^ + c) = 0. 
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(5) To find the conditions that two conks should le (i) similar, 
(2) similar and similarly sitiMted. 

Definition i. If the radii drawn from two points respect- 
ively, one to each of two conies, in directions which contain 
a constant angle, are in a constant ratio, the conies are 
similar. 

Definition 2. If the radii in the above definition are drawn 
in the same direction and their ratio is constant, the conies 
are similar and similarly situated. 

Suppose a straight line is drawn from a point ((X, )3) to 
a conic meeting it in the points P, Q; and one from the 
point (/ (a', ^ in the same direction to meet another conic 
in the points P', ^. 

If these two conies are similar and similarly situated, the 

ratios ^^^ and ^^ are constant, hence also the ratio f^p^ ^Qf 

is constant. 

It will be evident from previous results, that if the conies 
are ^(35^ y) = aa:«+2Aajy+6y* + &c., 

and 4/{x, y) =s a'aj» + 2A'a^ + ft'y*+&c., 

then C>P. 0$ = <^(a,/3)-r.(acos'^+2Asindcos^+6sin2^) 
O'P'. 0'(^ = <t>' (a', ^') -f. (a'cos«d+ 2^ sind cos B^-V sin« B). 
The condition above requires that the ratio 
acos'^+2Asin^cos^ + &sin'^ 
a'cos'^+2A'sine^cos(^+6'sin*d 
should be independent of B. 

-_. a h h 

Hence a''^V = W' 

This is the required condition that the conies should be 
similar and similarly situated ; it is also the condition that 
their asymptotes should be parallel. 

Again, if the straight lines through and 0' are drawn 
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in the directions and <^ resi)ectivGly, the ratio of the 
rectangles OF . OQ and (/F". (/Qf becomes 

a cos* ^+ 2A cos Q sin ^+6 sin* Q 
a' cos* + 2 A' cos <^ sin <^ + 6' sin* <^ 
If the conies are similar, this ratio must be constant when 
^ '^ <f> is constant. 
Putting ^— </) = y, the ratio becomes 
ocos*(<f> + y) + 2Asin(0 + y)cos(<f>-f y)4-6sin*(<^+y) 
a' cos* (^ + 2 // sin </) cos <^* + V sin* <^ 
and must be independent of <f>. 
The ratio may be written 

a + 6 + (a— ft)cos2(<^4-y) + 2A sin2^<^+y) 
a' + ^' + (a'--60 <5os 2<^+ 2A'sin 2<^ 
Equating the ratios of the coefficients of cos2<^y 6in2(^, 
and the terms independent of <^^ 
a-^-h _(a~6) cos 2y + 2A sin 2y _ 2^ cos 2y— (a— 5^ sin 2y 

Hence, eliminating y, 

(a + 5)* _ (a+5)*-(a-5)*~4/i* _ a5-A* 
(a' + Vf "" (a' + y/ - {a' - 67-4 A'* "" a'V'-K^ ' 
This is the condition that the conies should be similar, 
and is also the condition that the angle between the 
asymptotes of each conic should be the same. 



CHAPTEK III 

THE PARABOLA 

§ 18. The general equation of the second degree represents 
a parabola when the terms of the second degree form a 
perfect square ; hence the equation of a parabola is of the 

The coordinates of any point on this parabola satisfy the 
equations ^ ax^hy <^ _ 2gx-\-2fy-^c _ ^ 



consequently by solving the equations 

' aa? + 6y = A and 2^aj+2/y + c = X* 

the coordinates of any point on a parabola can always be 
expressed in terms of a single variable ; the value of this 
variable corresponding to any point is called the parameter 
of the point. 

In the general case such coordinates are too complicated 
to use with advantage, but in more simple cases their use 
simplifies the analysis, for the form of the coordinates 
implies that the corresponding point is on the curve, and 
hence no separate equation expressing this condition is 
necessary. 

The equation of a parabola takes its simplest form when 
the axes of coordinates are the axis of the parabola and the 
tangent at its vertex ; the equation then reduces to 

y^ = 4aa5 (I) 

in which 4 a represents the latus-rectum of the parabola. 
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Th6 coordinates of any point on the parabola represented 
by equation (I) satisfy the equations 
X ^ y a 

ie. a? = aX", y = 2aA, 

for the point (a\^, 2a\) satisfies equation (I) for tJl values 
of A, and conversely, since the value of A is not restricted, 
any point on the parabola can be thus represented ; in the 
following pages the point whose parameter is A will be 
referred to as the point A, With this notation the vertex 
of the parabola is the point 0. 

A similar form for the coordinates of any point on the 
parabola can be used when any tangent and the diameter 
through the point of contact are taken as coordinate axes, 
the equation of the parabola being 

consequently the propositions established in the following 
sections will be equally true for these axes, provided the 
proofs do not involve the assumption that the axes are 
rectangular. 

Note. If the tangent taken as axis of y makes an angle ol 
with the axis of the parabola, a ^a cosec^ a. 

Example, To find the coordinates of any point on the 
parabola whose equation is 

a?" cos* a = 4 a (a? cos a + y sin cx) 
in terms of a single variable. 

The equation can be written 

(as cos a— 2a)' « 4a(ysina + a). 
The coordinates of any point on the curve satisfy the equations 
xcosa— 2a _ ^sina + a __ a 

Hence the coordinates of any point on the curve are 

pj « 2a(\ + l)seca; y — a(\' — l)coseca. 
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§ 19. 2b find Ote egmHon of the tangent at any point on 
a parabola the coordinates of points on wMeh can be expressed 
in the Mm x=/j(X), y =/,(X), 

where f, andf^ arejunctums of a single variable. 

The equation of the line joining the two points A,, Ag is 

/;(M-/i(^) /,(A,)-/.(A,)* 

When Aj = X, the denominators on each side of this 
equation vanish, hence each denominator is divisible by 
(Aj— Aj). If this factor is removed and A^ is put equal 
to Aj in the result, the equation becomes that of the chord 
joining two coincident points A, A on the parabola, i.e. it is 
the equation of the tangent to the parabola at the point A. 
The resulting equation of the tangent can be written in the 
notation of thei differential calculus, 

(-/.(X))|-(.-/.(A))g=0. 

This method of finding the equation of the tangent is 
applicable to all curves, the coordinates of points on which 
can be expressed in terms of a single variable. 

Example. To find the equation of the tangent at any point 
on the parabola 

a* cos'a = 4a (aj cos a + y sin a). 

The coordinates of any point on the parabola are 
a; =» 2a(X+l)seca, 
y -s a (A.* — 1) cosec a. 
The equation of any straight line can be put into the form 

^(ysina + a) + J5(»cosa — 2a) + Ca«0. 
If the points X, ft are on this line, 

^Aa + 2SX + C-0, 
-4/i* + 2B/*+C-0, 
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The equation of the chord joining the points \, /lia accordingly 
2(y8ina + a) — (X + /c)(xco8a-2a) + 2aA/« » 0. 

Patting /i = X in this equationi the equation of the tangent at the 
point X becomes 

(ysina + a)— Xxcosa— 2a + aX' « 0, 
or, Xx cos a— y sin a— o (X + 1)* = 0. 

§ 20. To find the points of mtersection of the straight line 
Ax+Bi/-]-a=^ and the paraMa ^ = 4aa;. 

The coordinates of any point on the parabola are a\\ 2aX ; 
this point will also lie on the given line if 

ilA«+2^X+l=0 (I) 

Since this equation is quadratic in the variable A any line 
meets the parabda in two real or two imaginary points; 
if these points are A^, A, then 

^ + ^* = "X' 

Hence the equation of the straight line joining the points 
\y Ag on the parabola, in other words the equation of the 
chord joining the points A^, A,, is 

y(Ai + A,)— 2a; = 2aAiA,. 

Note (i). The equation of the straight line joining any 
point A on the parabola to the vertex is 
Ay— 2aj=0. 

Note (2). The direction of the chord depends only on 
(Aj+ A,), for the inclination of the chord to the axis of a? is 
given by 2cot« = Ai+A,. ' 
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Hence, if A, + A, is constant the direction of the chord is 
constant; and conversely, if the direction of the chords 
joining pairs of points on the parabola is constant, the 
parameters of their extremities are connected by the 
condition A^ + A, = constant ; 

or, if ^j, y^ are the corresponding ordinates, 
y^+yjj = constant. 

The ^-coordinate of the middle points of such chords is 
a {\ + A2) ; therefore the ^-coordinate of the middle points 
of parallel chords of a parabola is constant ; in other words, 
the locus of the middle points of a system of parallel chords 
of a parabola is a straight line parallel to the axis. 

This locus is called a diameter; hence all diameters of 
a parabola are parallel to the axis. 

Note (3). The parameters of the extremities of all chords 
which pass through a fixed point (A, h) are connected by the 
equation {\^X^k-2h^2aW. 

Example. The locus of the middle points of aU chords of 
a parabola which pass through a fixed point is another parabola. 

"Let (hj k) be the fixed point, and Aj, A, the extremities of any chord. 
The middle point of this chord is given by 

2a = o(Xi« + A,«) =a(Ai + Aj,)«-2aAiAa, 
y«a(Ai + Aa); 
therefore 2 a* A^ A^ =* y^ — 2 ox. 

But A^A, satisfy the equation 

(Ai + A2)&-2A «2aAiAa; 
hence the equation of the required locus is 
ky—2ah « y'— 2aaj. 

Note (4). The focus of the parabola is the point (a, 0) ; 
hence the condition that the chord joining the points Aj, A^ 
should be a focal chord is 

.AiAg+l = 0. 
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§ 21. To find the equation of the tangent to a parabola at 
any point 

The tangent at the point X is the chord joining the two 
coincident points X, A, its equation is consequently given by 
substituting X^ = Aj = X in the equation of a chord. 

Therefore the equation of the tangent at the point A is 
Xy-^x = aA*, 
or, aA^— Ay+.T = 0. 

Note (i). Any straight line, whose equation is of the 
form y = y- + aX, touches the parabola y^ = 4: ax. 

Note (2). The geometrical meaning of the parameter A 
can be deduced from this equation. If the tangent at the 
point makes an angle d with the axis of a?, then A = cot 0^ 

It is offcen convenient to use cot as the variable parameter : 
the coordinates of any point on the parabola are then 
(acot^d, 2 a cot d), and the equation of the tangent at this 
point is y cot ^ - a: = a cof* ^, 

which may be written in the form 

a?— a cot' ^ y — 2acoi0 

cost^ "~ sin^ "" 

Note (3). The equation of the tangent parallel to the 
chord y (Aj + A2) - 2a; = 2a Aj Ag 

Hence the point of contact of this tangent is the point 

^ ^ ' ; this point is on the diameter bisecting Jhe chord. 

It follows that the middle point of any chord, whose 
equation is of the form \y—x=:k, lies on the diameter 
through the point of contact of the parallel tangent 

Ay— a? = aA*, 
i.e. on the straight line y = 2aA. 
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Note (4). To find the equation of the chord whose middle 
point is (A, k). 

The tangent to the parabola at the point whose y-coordinate 

is kf L e. whose parameter is ^, is parallel to the required 
chord. Its equation is 

2a 4a" 

Therefore, since the chord passes through the point (A, k), 
its equation is k {y-k) = 2a (a?- A). 

Example. To find the envelope of the chords of a parabola 
whose middle points lie on the straight line y^mx+c. 

If (h, k) is any point on this line, the equation of the chord whose 
middle point is (*, fc) is *(y-fc) « 2o(x-A), 
but bj hypothesis h sstnk + e. 

Hence the equation of the chord may be written 

fc(y— A:) -■ 2a(x— wifc— c), 
or, ft*— fc(y + 2am)+2a(a5-c) « 0. 

This equation is quadratic in the variable k ; hence the condition 
that this equation should have equal roots, i. e. that two consecutive 
lines of the system should meet at the point (x, y), is 

(y + 2om)* =* 8a(a; — c), 
which is accordingly the equation t>f the envelope. 

§ 22. The equation of the tangent to a parabola (^= 4 ox) 
at the point X is 

aA'-Ay+aj=0. ... ... (I) 

If A. is variable and {x, y) a fixed point, this equation 
represents the condition that the . tangent at the variable 
point A. shoMd pass through the point (a?, y); hence, the 
values of A. given by this equation are the parameters of 
points on the parabola the tangents at which meet at the 
point {x^ y). If A^, A, are the roots of this equation, they 
are the parameters of the points of contact of the tangents 
which can be drawn from the point (cc, y) to the curve, 
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Note (i). Two tangents can be drawn from any point to 
a parabola. 

Note (2). Since X^, k^ are the roots of equation (I) 

therefore the point of intersection of tangents at the points 
Aj, Aj is {aAjAj, a(Aj + A,)}, and this point clearly lies on 
the diameter bisecting the chord joining the points A^, A,. 

Note (3). To find the polar of the point {h, k) with respect 
to the parabola. 

If A^, Aj are the parameters of the points of contact of the 
tangents from the point {h, k) to the parabola, then 

A = a Aj Aj ; and A? = a (Ai + Aj). 
The equation of the chord joining the points A^, A, is 

y(\ + ^2)-2a;=2aAjA„ 
whence, substituting for A^ A, in terms of h and k^ 

%— 2aa:= 2a/*, 
which is the required equation. 

Note (4). The angle (y) between the tangents drawn 
from the point (a?, y) to the parabola is given by 

where A^, Aj are roots of equation (I). 

\/^— 4aa5 <^* 

Hence, tany = — ^— = — ^• 

aj+a as+a 

It follows that the locus of points, the tangents from 
which to the parabola include an angle y, is the curve 

{x + aY tan'' y=^j/^—4ax. 
In particular, if the tangents are at right angles, the locus 
becomes a;+a = 0, 

which is the equation of the directrix. 

D 2 
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Also, if the tangents at the points X^, Ag are at right angles, 

AjX2+l = 0, 

which is identical with the condition that the chord joining 
the points X^, X, should be a focal chord ; hence the pro- 
position : ^ Tangents at the extremities of a focal chord are 
at right angles, and their point of intersection lies on the 
directrix.' 

Example (i). To find the locus of the intersections of 
tangents at the extremities of chords of a parabola of constant 
length. 

If A.1, \^ are the parameters of the extremities of a chord, the square 
of its length 

= a' { (Ai + Aa)"- i\i\a} { C^i + Xj,)" + 4} « c«. 

Hence, if the intersection of the tangents at Xi, Xj is the point (a, y), 
since a; = aXjAa, and y * a{^i + ^i), the equation of the locus of (x, y) 

Example (ii). An equilateral triangle circumscribes a parabola ; 
prove that the join of the focus to each vertex of the triangle 
passes through the point of contact of the opposite side. 

Let the parameters of the points of contact be Ai, X,, Ag. 
Since the triangle is equilateral 

Aj — As A3 — Xj 



I + X1X3 I + X2X3' 

^ 2 1 o \ 

which may be written ' _ -^ » . 



A J Aj ^ JL A^ + Xj 

this is the condition that the point X3 should lie on the line whose 

equation is 
^ x-a y 



Xj Xj — 1 Xj + Xji 
i. e. on the join of the focus to the point { aX^A^ , a (X^ + Xj) }. 

^ Example (iii). To find the locus of a point, the tangents 
from which to the parabola make equal angles with the line 
y = £» cot ^ + c. 
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Let the points of contact of two tangents be Aj, A,. 

^ , xT_ • Xi— tan^ tan0— A, 

By hypothesis, — ^ ■ = ; — ^ , 

'' '^^ ^ l + Ajtantf 1 + A,tand' 

i. e. (Ai + Aj) (1 - tan* tf) = 2 tan ^ (1 - A^ A^). 

If (Xj y) is the point of intersection of the tangents, since x ='aAiA2 
and y = a (Ai + Aj), the equation of the required locus is 

y « (a— x) tan 2^. 

§ 23. Some properties, peculiar to the parabola, can be 
discussed, as in the case of the general conic, by considering 
the relation of a straight line, whose equation is of the form 

cos sin 6 ' 
to the parabola, <^ (^^ y) = j^^^ax = 0. 

Substituting for x and y their values in terms of the 
variable r, the equation of the parabola becomes 

r2sin'^+2r(/3sin^-2acos^) + ^'~4aa = 0. (I) 

This equation gives the distances r of points common to the 
line and the parabola from the point (a, /3), hence : 

(i) If the roots of this equation are equal, in other words, 
if the straight line is a tangent, 

• O sina-2a cos^)^ = (/3'-4aa) sin'd, 
which reduces to a — ^3 cot ^ + a cot' ^ = 0, 

This equation gives the directions of the tangents which can 
be drawn through the point (a, fi) to the parabola; it is 
identical with the condition that the point (a, 0) should lie 
on the tangent at the point 

(a cot' e,2a cot 0). (Cf. § 21.) 

(2) If the equation has equal and opposite roots, i.e. if 
the chords in the direction are bisected at the variable 
point (a, /3), then ^ = 2a cot ^. 

The properties of diameters, as before discussed, may be 
at once deduced from this condition. 
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(3) If one of the roots of this equation is infinite, L e. if 
the straight line meets the curve in one point at infinity, 
sin«d = 0. 

This relation gives two coincident directions parallel to 
the axis of the paraboja ; hence two radii vectores can be 
drawn through any point to meet the parabola at infinity ; 
these radii are equal and their directions are coincident with 
the direction of the axis. The geometrical meaning of this 
result is that all straight lines parallel to the axis are normal 
to the parabola at infinity ; further, these are the only straight 
lines which meet the parabola at infinity. 

Again, if the straight line meets the parabola in two 
coincident points at infinity, 

sin'^ = 0, and /3 sind— 2a cos^ = 0, 
therefore a = 0, or, /3 = 00 ; 

hence, no finite straight line meets a parabola at two points 
at infinity, i. e. a parabola has no finite asymptotes. 

The straight line, Ox + Oy = a 
(which is the straight line at infinity), touches the parabola. 

§ 24. To find the lengths of the tangents which ccm be drawn 
from any point to a parabola. 

As in the case of the general conic (II. § 16), the lengths 
r of the tangents are given by the equation (I) of the last 
section, when the value of ^ is such that the roots of the 
equation are equal, and therefore if t is the length of either 
tangent drawn from the point {x, y\ 

where has either of the values given by the equation, 
acoi^6—ycot9 + x= 0. 
The elimination of cot gives 

aU*-<l> {f-2ax + 2a^) t^'^(f>^ (a^H^^ + j^s) _ q^ 
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which is the required equation giving the lengths of the 
tangents from the point {x, y) to the parahola. 

If is the point (a?, y), and OP, OQ the tangents from 
to the parabola, it follows that 

and a« 01^,0^ = 4>^ (^H^a^^, 

Le. a'OF\OQ' = <l>'OS^ 

or, aOP.OQ = 4>OS. 

Note. As in the general case, the coefficients of t^ and t^ 
vanish when a? = a, y = 0, i. e. the tangents from the focus 
to the curve are zero in length. 

§ 25. To find the equation of the normal at any point to 
a parabola. 

Since the equation of the tangent at the point 6 is 
aj— acot'^ 2/— 2a cot ^ 
cos 6 ~~ sin 6 
the equation of the normal is 

a?— a cot' ^ y— 2acot^ 
.sin^ — cos^ 

which equation reduces to 

acot'(9 + (2a— aj)cot^— y = 0. 
The equation of the normal at the point X is, since 
A = cot ^, 
a\^+(2a— a?)X-y = 0, 
or, y + Aaj = aX(X^ + 2). 

This equation is the condition that the normal at the point A 
should pass through the point (a;, y) ; if then (a?, y) is 
regarded as a fixed point the above equation gives the 
values of the parameters of those points on the parabola, 
the normals at which to the parabola pass through the 
point (a;, y). 
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Note (i). The equation is cubic in the variable A, hence 
three normals can be drawn from any point to the parabola. 

It has been shown above that all straight lines parallel to 
the axis of the parabola are normal to the curve at infinity, 
hence one normal through the point {x, y), corresponding to 
an infinite value of A, does not appear in the equation ; the 
complete equation is 

0A* + aA' + A(2a— a;)— y = 0. 

Note (2). Every cubic equation has one real root, hence 
one real normal can be drawn through any point to a 
parabola. 

The other two roots are real, coincident, or imaginary, 
according as 27 ay^ is greater than, equal to, or less than 
4 (aj— 2a)^ This condition is equivalent to the geometrical 
condition that the point (a;, y) should lie inside, on, or 
outside the curve whose equation is 

27ai/*=4(»-2a)^ ... ... (I) 

Note (3). If the roots of the equation 
aAH(2a-a;)A— y = 
are A^, Aj, A3, since the coefficient of A'. is zero, 

Ai + A2 + A,= 0. 
This is a condition, independent of the coordinates x and y, 
which must be satisfied by the parameters of any three 
points on the parabola the normals at which meet in a point. 
Since any two lines meet in a point, only one condition is 
necessary for any third line to pass through their inter- 
section; consequently, this is the necessary and sufficient 
condition that the normals at the points A^, A^, A3 should 
meet in a point. 

The values of the coordinates of the point of intersection 
of the normals at the points A^, Ag, A3 are given by 

a; = 2a— aSAjAj and y ^=^ (iW\^ 
and provided the parameters of the feet of the normals 
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satisfy the condition that their sum should be zero, the point 
{Xf y) can be found, which lies on each of the corresponding 
normals; it is therefore also algebraically clear that this 
condition is sufficient. 

It follows at once that if the sum of the ordinates of three 
points on a parabola is zero, the normals at these points are 
concurrent. 

Note (4). If two of the roots of this equation in A are 
equal, two of the normals which can be drawn from the 
point {xj y) to the parabola coalesce. 

Let Aj = A.J = A., 

then 2A + Ai = 0; 

therefore the coordinates x and y are given by 
a?=2a + 3aA' and y = —2ak\ 

The elimination of A from these two equations gives 
27 ay^ = 4 {x-2a)\ [Vide I.] 
This equation, consequently, represents the locus of the 
intersections of coincident normals. It is called the evolute 
of the parabola. 

Note (5). Three normals from a point to a parabola can 
only coincide when A is zero, Le. when the foot of each 
normal is the vertex of the parabola. Their point of inter- 
section is (2 a, 0). 

Note (6). The normal to the parabola at the point A 
meets the curve again in a point fx given by substituting 
x = afx^, y=2afi in the equation of the normal. This 
substitution gives 

(A-fi)(A«+fAA + 2) = 0, 
A2+2 



I.e. /* ^^ — 



A 



Hence the normal at the point A • meets the parabola 

A^ + 2 
again at the point r— • 
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Conversely, if three normals to a parabola meet at any 
point (ji) on the curve, the parameters of the feet of these 
normals are given by 

A = ji and X'+Xfx+2 = 0, 

i.a X = fi, or, 

Hence, if the abscissa afx^ of the point is greater than 8 a, 
three real normals can be drawn ; if, however, the abscissa is 
less than 8 a, the two normals, other than the normal at the 
point itself, are imaginary ; if the abscissa is equal to 8 a, 
these two normals coalesce, i.e. the point is then on the 
evolute. It follows that the parabola meets the evoluto in 
points given by fx' = 8, Le. at the points (8 a, +4\/2a). 

Again, the condition that the normals at the points \, A^ 
should meet on the parabola is 

A,A2 = 2. 

Hence the normals at the extremities of all chords whose 
equations are of the form 

a;+A;y+2a = 0, 
where k is variable, meet on the parabola. All such chords 
pass through the point (—2 a, 0). 

Note (7). The normal at A is parallel to the tangent 

*+X + J = «' 

hence the ordinate of the middle point of the normal chord is 

-^. [^20, Note 2.] 

A 

Example (i). Find the orthocentre of the triangle jormed hy 
joining the feet of the normals which can he drawn from the 
point (X, 7) to the parabola y' = 4tax. 

Let the parameters of the feet of the normals be X), A^, ^j, these 
are the roots of the equation 

aX» + (2a--r)X-r-0. (I) 
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Jlhe equation of the line through the point Xg, perpendicular to the 
chord joining the points X^, X^, is 

(Xi + X,)(a;-aXj«) + 2(y-2aX,) - 0. 
But X^ + X, + Xg » 0, therefore this equation becomes 

aX,«-(x + 4a)X, + 2y « 0. 
If (a^ y) is the orthocentre, X^, X,, and X, each satisfy this equation ; 
^^^^ • aX«-(x + 4a)X + 2y-0 

is identical with equation (I), 

X « -T— 6a, and y « — —. . 

Example (ii). Find the locus of the intersections of the normals 
at the ends of a chord passing through the fixed point (X, Y). 

Let the parameters of the ends of one chord of the system be Xj, Xg, 
the equation of the chord is 

» (Xj + X,) -2x = 2aXiX2 ; 
therefore, since this chord passes throif^h the point (JT, F), 

r(Xi + x;)-2-r«2aXiXa (I) 

Let the point of intersection of the normals be (x, y\ and let X be 
the parameter of the foot of the third normal meeting at the point 

(?h »). 

Hence, Xj + Xj « —X and XjXa = ~. 

aX 

It follows that X«r + 2XX + 2y-0. (II) 

Since (x, y) is on the normal at the point X, 

aX» + (2a-x)X-y- 0. 

Adding twice this equation to (II) 

2aX«+rx + 2(X + 2a-x) =0 (Ill) 

Eliminating X (by cross-multiplication) from equations (II) and (III), 
the equation of the required locus is 

(J^'-iaX){Yy-2X{X-x-\-1a)} + 2 {r(X-x + 2o)-2ay}«= 0. 

Example (iii). The three normals from a point P to the 
parabola y^ = 4aa;, and- the line through P parallel to the axis 
of the parabola,, form an harmonic pencil. Find the locus of P, 

Let the parameters of the feet of the normals be X^, X^, X,. 
By hypothesis the lines y + XiX-0, y + X,x = 0, y + XjX^O, and 
y s= form an harmonic pencil. 
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Hence 2 Ai Aj -= A3 (Aj + Aj). 

Therefore, since A^ + Aa + Aj = 0, 2AiA2 « —A3* 
The coordinates of the point P are given by 

^ — ISA^Aj •= ~~Aj[A2 + A3 ^ ~~wAiA2i 

— = Aj Aj A3. 

Therefore 1^' = A^^ \^^ Ag^ « - 2 (A^ \^y = 2 f ^^^ f . 

The required locus is therefore 

27ay^^2(x-2ay. 

. § 26. The intersections of a circle and the jparahola. 

The equation of any circle can be put in the form 

aP + y''+2gx-\-2fy + c=0. (I) 

This circle meets the parabola in points whose parameters 
are given by the equation obtained by substituting x = aX.^, 
y = 2a\ in equation (T) of the circle ; this equation is 

aU*+(4a^+2pa)X*+4/aX + c = 0. ... (II) 

Note (i). This equation is quartic in the variable X ; 

hence every circle meets the parabola in four points, which 

may be all real, or two real and two imaginary, or all 

imaginary. 

Note (2). If the values of X given by this equation are 
K9 Kf Kt Ki since the coefficient of A' in the equation is 
^^"^y A, + A2 + A3 + A, = 0. 

Hence, if four points on a parabola are concyclic, the sum of 
the parameters of the points is zero, or, the sum of the 
ordinates of the four points is zero. This condition is also 
sufficient, for provided the sum of the parameters is zero 
the coefficients in the equation of the circle are given by 
three independent relations, viz. 

2^ = aSAjAg — 4a, 

4/= — a2AiA2A3, 

c = a'^AjAjAjA^. 
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These three relations give the centre and radius of the circle 
which can be drawn through four points, the sum of the 
parameters of which is zero. 

The directions of the chords joining the points Xj , Ag and 
A3, A^ respectively, are H^i + ^a) ^^^ i(^3 + \)> ^^^ ^^ 
these four points are concyclic 

Aj + A, = -(A3 + A,); 
therefore these chords are eq^ually inclined to the axis of 
the parabola. Hence the common chords of any circle and 
a parabola are equally inclined in pairs to the axis. 

Note (3). If two roots of equation (II) of this section 
are equal, two of the intersections of the circle and parabola 
coincide ; in other words, the circle touches the parabola, one 
of their common chords becoming a common tangent to the 
circle and parabola at their point of contact. This tangent 
and the common chord of the circle and parabola are equally 
inclined to the axis. 

Note (4). If three roots of this equation are equal, three 
points of intersection of the circle and parabola coincide, 
and the circle is said to osculate the parabola at this point. 

If A is the parameter of the three points which coalesce, 
and Aj the fourth point of intersection of the circle and the 
parabola, then 3 x + x^ = 0. 

Therefore the osculating circle at the point A meets the 
parabola again at the point —3 A. The equation of the 
chord of curvature is consequently 
Ay + 03= 3aA^ 
The centre and radius of curvature at any point A on the 
parabola are given by 

—g= 3aA2+2a, 
-/=-2aA% c=~3aU^ 

i.e. /) = 2a(l + A2)i 
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Two simple deductions may be made from these results : 
(i) The equation of the chord of curvature is quadratic in 

the variable A, hence through any point {x, y) two chords of 

curvature pass. 

(2) If the length of the radius of curvature is given, the 
points on the parabola at which the radius of curvature has 
this value are given by the equation 

4a«{X«+l)» = /t>«. 

This is a cubic equation in A', two of its roots are imaginary 
and one real ; corresponding to the real value there are two 
equal and opposite values of A. Hence there are two circles 
of curvature of given radius to every parabola, and these 
circles are symmetrically placed with regard to the axis of 
the parabola. 

The equation of the circle of curvature at the point A can 
now be obtained by substituting the values of/ g^ and c 
found above ; this equation is 

aj» + y'-2(3aA« + 2a)aj+4aA'y-3a'A* = 0. 

This equation is quartic in the variable A, and consequently 
four circles of curvature meet at any point {x, y); the 
parameters of the points at which these four circles osculate 
the parabola are given by this equation. If these are A^, A,, 
A3, A^, then, since the coefficient of A is zero, 

SAjA^AjrrO, or, 2^ = 0. 

A 

This is a necessary, but not a sufficient, condition that the 
circles of curvature at four points on the parabola should all 
pass through the sam^ point. The coefficients of the equation 
contain only two independent quantities, x and y, and there 
are three relations between these and the symmetrical 
functions of the roots, viz. 

n. ^n. 

aj=-2AjAj; y=— 2A; and a^ + y'-4aa;= -Sa^iAjAjA^; 
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if X and y are eliminated from these three equations, a second 
condition independent of x and y is obtained. If, further, A^ 
is eliminated from this condition' and the condition found 
above, the resulting equation will be the necessary and 
sufficient condition that the circles of curvature at the points 
\, Xj, X3 should meet in one point. 

Note {5). If there are two pairs of equal roots, the circle 
touches the parabola at two points, i. e. has double contact 
with it. 

Let Aj = A, and Aj = A^. 

Now 2A = 0, therefore A^ = — A^. 

Hence, if a circle has double contact with a parabola, the 

chord of contact is perpendicular to the axis. 

a 
Also, since /= — -2 A^ Aj A3 = 0, the centre of the circle 

is on the axis, which is also clear from symmetry. 
Further, the corresponding value of g gives 

* a 

If, then, Aj is real the abscissa of the centre {—g) must be 
positive and greater than 2 a. 

Note (6). The four roots of this equation can only be 
equal when A is zero, therefore only one circle can meet the 
parabola in four coincident points. This circle has four- 
point contact with the parabola at the vertex, and its 
centre is the point (2 a, 0), it is the limiting case of the 
circles discussed in Note (5). 

Example (i). A circle is described on a chord of a parabola 
tohose equation isAx-\-By'^a = Oas diameter; find the equation 
of the other common chord of the drde and the parabola. 

Let Xj , A, be the parameters of the extremities of the given chord, 
\i f As are given by the equation 

A\^ + 2B\ + 1 = 0. 
If A is either of the other points of intersection of the parabola 
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and the circle on the chord joining the points X^, Xg as diameter, 
since the joins of the pairs of points XX^, XXg are at right angles (for 
the angle in a semicircle is a right angle), 

(X + Xi)(X + X^) + 4 -0. 

Hence the parameters X3, X4 of the other points of intersection are 
given by the equation 

X« + X(Xi + Xg)+XiXa + 4 - 0. 

Hence Xg + X4 -» — (X^ + Xj) = -—- , 

X8X4 = XiXa + 4 = -; +4. 
A. 

Therefore the equation of the chord joining the points X3, X4 is 
J5y--4a;« (1 + 4-4)0, 

Example (ii). A triangle is inscribed in a parabola with Us 
orthocentre at the focus. Prove that its circumscribing circle 
touches the tangent at the vertex. 

Let the vertices of the triangle be the points X^, X^, X3. By 
hypothesis the focal chord through the point X3 is perpendicular to 
the chord joining the points X^ , X^ , therefore since the other extremity 

of the focal chord is , 

(x, + x,)(x3-i) + 4 = 0, (I) 

and, symmetrically, (Xj + X, VXj ) + 4 = 0. (II) 

(i) Subtract (II) from (I), and divide the result by X1-X3, then 

^i^a^8 + Xi+Xa + X3 » 0. 
(2) Subtract X3 times (I) from Xj times (II), then 

X^X2 + X2X3 +X3X1 =3 — 5. 

Let the equation of the circumscribing circle be 

If the fourth point of intersection is.X^, then X,, X,, X3, X^ are 
roots of the equation 

o«X* + (4a2 + 2asr)X« + 4a/X + c-0; 
therefore X^ « — (Xj + X^ + X3), 

and c = a'XjXjXgX^ « a^X^' 

from the first condition found above. 
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Further, if , 

-— -^^(AiXj + XaXs + AsXO+XiXaAs, 

= -Sx^+x^r- -4X4, 
using the second condition found above. 

It follows at once that c — /*, 

which is the condition that the circle should touch the tangent at the 
vertex (x = 0). 

§ 27. Eelations between the points of intersection of the 
tangents and normals at any two points on the parabola. 

Let {x, y) be the point of intersection of the tangents at 
two points and ((, rji) that of the normals. 

The points of contact of the tangents from the point {x, y) 
to the parabola are given by 

a\«— A2^ + a; = 0, (I) 

and the feet of the normals meeting at (f, t;) are given by 

«A»+(2a-^X-ry = 0. ... ... (II) 

Hence two of the roots of equation (H) are the same as 
the roots of equation (I), Subtract X times equation (I) from 
equation (11), it follows that the two equations 

A'fl— Xy + a; = 
have the same roots. 

Hence ^ = ^-!- = -r -• (Ill) 

a y X 

Supposing that the intersections of the tangents lie on 
some locus y(a.. y) = 0, 

the corresponding locus of the intersections of the noi-mals 
is obtained by eliminating x and y from the equation 
/(^> y) = and equations (HI). 

Conversely, if the locus of the intersections of the normals 
is given, the locus of the intersections of the corresponding 
tangents is obtained by eliminating f and rj. 

JONES E 
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The result in the second case is in general easily obtained^ 

for ^ «/* aw 

f=^-a;+2a and t? = ~y 

a a 

therefore if the locus of the intersections of the normals at 
two points is /(f^ ^) = o, 

the equation of the locus of the intersections of corresponding 

tangents is .«,« awv 

/(|--.+ 2«, -f) = 0. 

Example (i). Normals are draum to a parabola from points 
on the lines x = h, ^ = k; find in each case the corresponding 
loom of the intersections of tangents. 

These loci are clearly y*-ax + 2o'«aA, 
and xy = — o/c 

Example (ii). Tangents are drawn to a parabola from points 
on a line parallel to the axis ; prove that the normals at their 
points of contact intersect on a fixed straight line. 

Let y B c be the given line and ^ '^ iax the parabola. 
The required locus is obtained by eliminating x and y from the 
equations ^+x-2a 17 

a y X 

Hence as = - +2a— ^ and x - — ?5, 

a c 

therefore the required locus is 

a • c ■ 

or, a:-^«-+2a. 

c a 



Illustrative Examples. 

Example (i). A circle cuts a parabola in four points ; %f (he 
normals at three of these points are concurrentf prove that the 
circle passes through the vertex, and find its equation. 
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Let the four points be Ai, A^, A,, X^, 
Then, because they are ooncyclic, 

' A1 + A2 + A3 + A4 « 0. 
But the normals at three of these points are concurrent, hence 

A1 + A3 + A5 « 0. 
Consequently A4 = 0, i. e. the circle passes through the vertex. 
If the normals meet -at the i>oint (£, rf), the parameters A^, A,, A, 

are given by aA» + (2<»-^)A-i7 - (I) 

The intersections of the circle 

x' + v" + 2flfx + 2yy - 
and the parabola are given by 

aA> + A(4a + 2flr) + 4/=0 (II) 

If this is the required circle, the roots of this equation ara A^j ^s^ ^s* 
Hence, comparing equations (I) and (II), 
2flr = -(£ + 2a), 

The circle throu^ the feet of the normals which meet at the point 
(^, rf) is accordingly 

a? + y*-(f + 2a)a;-- 5^= 0. 
2 

Example (ii). If OP, OQ are the tangents front arty point Oto 
the parabola y'--4a» = 0, and OL, OMj ON the normak meeUng 
at 0, prove that OL . OM. ONz=za OP. OQ. 

It has been shown (§ 24), that 

oOP.Og = (j/»-4«x)OS, 

where (ac, y) is the point 0. 

' The feet of the normals are given by the equation 

oA» + (2a-a;)A— y « 

= a(A-A0(A-Aa)(A-A8), 

where A^, A,, A3 are roots of the equation. 

Hence 2A = ; r. SA« = -2SA^Aa « ^^~^« . 

a 

(2A,A,)>.5A,«A.«-(^)\ 

■ OL = V{(«-aAi2)» + (y-2aAi)'} 
y— 2aXj 2a/ y 



ir'^^-m-^')^'^-- 



E 2 
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therefore 

AiXgXjVga vV2a vV2a V 

Example (ill). From a point P three normals are drawn to 
a parabola in such a way that ihe rectangular hyperbola^ passing 
through P <md the feet of the three normals^ passes also through 
the vertex. Find the locus of P. 

If P is the point (X, T), the feet of the normals are given by 

aX» + (2a-JO^-^-=0. (I) 

Any rectangular hyperbola through the yertez is 

»*-y* + 2*xy + 2fla + 2yV = 0. 
This meets the parabola at points given by the equation 

a\« + 4AaX« + (2i7-4a)X + 2/-0 (II) 

If these points are also the feet of the normals given by (I), it 
follows that ^ . 0^ 2^-4a = 2a-X, and 2/- -F. 
The equation of the rectangular hyperbola is then 

flc'-V* + (6a--r) »- Fy -» 0. 
But by hypothesis (X/ Y) lies on this hyperbola, therefore 

i.e. r*-8aX. 

Hence the locus of P is the parabola 

Example (iv). Two tangents TP, TP' to a parabola meet the 
tangent at the vertex in Q, Q". Prove that the radius of the circle 
TQff is J /i*/a*, where f^, f^ are the focal chords parallel to 
TP and TP\ 

Let P be the point X, V the point /i. 
Then /i = 4SP - 4a (1 + X»), 

and similarly /« - 4a(l + fi'), 
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The equation of the tangent at the point X is 

\y-~x ■■ aX', 

henoe Q is the point (0, a\), and (/ the point (0, a /a). 
If $ ia the angle between the tangents at the points X, /i 



tan^ = 



1+X/i' 



sm • ^^ ^^ 



V(l + ^') (1 + h') a V(l + X») (1 + /i«) 
But the radius of the circle TQQ' 

*".2sin^ 2 " 8 * 



CHAPTER IV 

THE ELLIPSE AND HYPERBOLA REFERRED 
TO THEIR AXES 

§ 28. The equation of an ellipse, whose major and minor 
axes are 2 a and 26 respectively, referred to its axes as axes 
of coordinates, is 

5+S=i <^ 

Any point whose coordinates are of the form (a cos 0, h sin 0) 
lies on the ellipse, for if the values of these coordinates is 
substituted in the equation of the ellipse, the result is 
identically true for all values of 0, 

Further, it is evident from equation (I) that for real points 
on the ellipse the numerical values of x and y cannot exceed 
a and b respectively, hence all possible values of x and y 
which satisfy equation (I) of the curve can be represented 
by a cos 6 and h sin for some value of 0. Consequently any 
point on the ellipse can be represented by (a cos 6, bmnO); 
this point will be referred to as ' the point $.' 

The equation of the circle described on the major axis of 
the ellipse as diameter is 

aj« + y« = a^ 
and any point on this circle can -be represented by 
(a cos By a sin 6). 

Hence to each point on the ellipse there corresponds 
a point 6 on this circle, and the abscissae of these two points 
are the same. 

Such points are called corresponding points, and the 
angle d, which is the inclination of the radius of the circle 
to the axis of a?, is called the eccentric angle of the point. 
The circle is called the auxiliary circle. 
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Tlie equations obtained by using the eccentric angle are 
more complicated than those obtained by use of the single 
variable in the case of the parabola ; the reason is that 
cos 6 and sin can neither be expressed rationally in terms 
of the other. It is often advantageous to use the correspond- 
ing exponential forms, viz. : — 

These coordinates involve the use of imaginary quantities, 
which is objected to by many ; their application will, how- 
ever, be illustrated later in this chapter. 

§ 29. To find the intersections of a straight line and the 
ellipse* . 

The equation of any straight line may be written in the 
form a: y 

a 

The points in which this straight line meets the ellipse are 
given by the equation obtained by substituting a? = a cos d 
and y = 6 sin d in the equation of the line ; this gives 

A coBB+Bsine + G^ 0. 

This equation is quadratic in any trigonometrical function 
of 6 ; hence, as in the general case, the straight line meets 
the ellipse in two points d^, 0^, the values 6^ and d^ being 
given by this equation. 

The values of A, B, and in terms of Su 6^ are most 
easily obtained by cross-multiplication from the equations 

A cos 6^1 -f-^ sin O^-^-C = 0, 

^cosdj+i?sin^j + (7= 

which are the conditions that the points 0^, 0^ should lie on 
the given straight line. Hence 

A ^ B ^ -g . 

cos i {0, + $,) " sini (^1 + ^2) cos \ {0,-^0^ 
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Consequently the equation of the chord of the ellipse 
joining the points 0^, $^ i& 

^ cosi (^1 + ^2) + 1 sin i (^1+^2) = cosi (^i-^jj). 

Note (i). The equation of the tangent at the point 6 is 
obtained by putting $^ = 0^ = $ in the equation of the 
chords which gives 

-cos^+r sind= 1. 
a 

Note (2). If the chord passes through the centre of the 
ellipse, i.e. through the origin, 

cos^-^— ^ = 0, or,^i— ^g = ir; 

hence 6 and ir-^$ represent the extremities of a diameter. 

Note (3). The eccentric angles of the ends of any chord 
parallel to the fixed straight line 

X V . 

-cosa + rsma = 
a 

satisfy the relation 

tan^!^^ = tana, 

or, ^i + dj = 2a. 

The coordinates of the middle points of such chords are 
given by 

^ 1/ A , n\ ^i + ^a ^i^^a 

- = J (cos ^1+ COS 0^) = COS cos i 

2 2 

This point lies on the line whose equation is 

a 2 

or, r = - tan a. 

' b a 
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Hence all chords of the ellipse drawn parallel to the 

diameter y a? * ^ /tv 

f + -cotcx = (I) 

are bisected by the diameter 

?--tana = (H) 

It is evident, similarly, that chords parallel to the second 
diameter are bisected by the first. These diameters are 
called conjugate diameters. 

The pair of conjugate diameters, whose equations are 
(II) and (I), meet the ellipse in points -P, P^ and Z), £/ respec- 
tively, whose coordinates are 

(±acosa, +6sincx) (+asina, ±6coscx). 

Hence OF" = a« cos'a + 6» sin'cx, 

(7Z)'=a'sin«a+6='cos*cx, 
therefore CF^ + CD^ = a« + 6», 

or, the sum of the squares on any two conjugate diameters 
is constant. 

It is further evident, from the form of the coordinates, 

TT 

that if P is the point a, D is the point (X± -• 
Note (4). The straight lines 

are parallel to conjugate diameters, if 

It is useful to note that the middle point of the chord of 
the eUipse, whose equation is 

Ax+By-i-O^Oy 
is given by the intersection of this straight line and the 
diameter Bx Ay 
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Note <5). The equation of the tangent to an eUipae at 
the point P {&) can now be written 

a? — acos^__y— fcsin^^ r 
a«m6 "",— 6cosd '^ CD' 
where CD is the semi-diameter conjugate to CP. 

The equation of the normal to the ellipse at the point 
P {ff) is, accordingly, 

a;~aco6^ y— fesin^ r_^ 

6cosa " asin^ ~ (JD^ 
r being positive when measured outwards; this equation 
may also be written 

ax sec O-'hy cosec 6 = a'— 6'. 

Example (i). To find the locus of the middle poi^tts of normal 
chords of an ellipse. 

The equation of the narmal at the point 9 is 
ax sec ^— by cosec 9 — a*— 6^ 

The middle point of the normal >chord is the intersection of this 
line and the diameter 

h cosec 0-1 + o sec ^ ^ « 0. 
a* b* 

6*x 

Hence tan 9 ^ 5- • 

a'jf 

Eliminating 9, the required locus is 

Example (ii). If the normal at P to an ellipse meets the axes 
in the points G^ 0' and is a point on it such that 

PO^PG^PG'' 
then unU any chord through subtend a right angle at P. 
Let P be the point la, the equation to the normal at P is 
■x— a cos a i/— bsina _ r^ 
l^cosa a sin a CD 

Putting y B and x » successively in these equations, the values 
of r a^e PQ and PQ' respectively, hence 

pg » - ^CD and PQ^ ^ -% CD. 
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By Iiypoth«sis it foUoMrs that 

a* + 6* 
Since the point is on the normal at P, its coordinates are given by 
ag-acosg _ y~6sina 2ab 

bcosa ~ a sin a a" + b*' 

Let the extremities of any chord through the point be ^i, #,, the 
equation of the chord is 

- cos ' * + J- sin ■ ^ * = cos ■ ^ * . 
a 2 & 2 2 

Since the point is on this line, 

cosacos-^-smasin^^«— ^^cos-i^. 
This condition may be written 

cofl(?L±^-?»±^)""""^'' 

1. e. tan -hr— tan ' ^ 5 , 

2 2 a« 

which is the condition that the chords joining the pairs of points ^1, a 
and $2, a should be perpendicular. 

§ 30. The equation of the taageint to the ellipse at the 
point $ has been shown to be 

-cos^ + ?sind= 1. 
a b 

If the point {x, y) is considered fixed, this equation 
expresses the condition that the tangent at a variable point 
6 on the ellipse ishould pass through the point {x, y). Hence 
this equation gives the eccentric angles of the points of 
contact of tangents from the point (as, y) to the ellipse. 

This equation can also be written 

(■n)'"1-T''»^'-:=«' 
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CONICS 



which is quadratic ; this means that two tangents can be 
drawn from any point to an ellipse. 

It may be deduced, as in the case of the general conic 
(§ 16), that since tangents from points outside, on, or inside an 
ellipse respectively are real, coincident, or imaginary, the 
point (x, y) lies outside, on, or inside the ellipse according as 

-^ + ^ — 1 is positive, zero, or negativa 

If $if $2 ^ ^^® eccentric angles of the points of contact 
of tangents from the point (a?, y) to the ellipse, since they 
satisfy the equation 

J 2y._ 



(l+-)tan*---f tan- + l — = 0, 
V a/ 2 6 2 a ' 



it follows that 



2y 
b 



tan^ + tan^ = 

**" 2 2 X 

1+- 

a 



X 

1— - 

and tan ~ tan ^f = . 

2 2 X 

1+- 

a 



The point of intersection {x, y) of tangents at the points 
^1, 6^ is accordingly 



l-tan|taii| 
l+tan|-taii^' 



This may also be written 

6, + 6^ 



tan|- + tan| 
1+tan-^tan-' 



sm 



Oi-^-O, 



cos 



A-6, 



The equation of the chord joining the points 0,, 0, is 
« 0i + dj , y . Oi + e, e.-0t 
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hence, if the tangents at the points 6^, 0^ meet at the point 
(X, Y), the equation of this chord, which is the polar of the 
point (Z, Y), may be written 

a« "*■ 6« "" ^- . 

Again, the angle y which the tangent at the point 
makes with the axis of x is given by 

tan y = cot d. 

a 

But the equation of the tangent at the point 0, 

-cosd+ rsin^= 1, 
a 



may be put in the form, 

C-S)'"''''-'^ •*»''+ '-1= 



0. 



Hence the inclinations to the axis of x of tangents from 
the point {x, y) to the ellipse are given by the equation 

(a«-ar^) tan2y+2ajy tany+(6'-y*) = 0. 

If, then, the tangents from the point (a;, y) make angles 
a, , aj with the axis of a?, 

tanyi + tany,= --^--^, 

and tany^tanyj — -r-ir«' 

c* —~x 

It can at once be deduced that 

(i) The angle between the tangents from the point {x, y) to 
the ellipse is 



tan ^^— = — 7^ — = r— • 
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(2) The locus of points, the tangents from which to the 
ellipse make an angle a with each other, is 

(3) In particular, the locus of the intersections of ortho- 
gonal tangents is a^-{^f/^:=a^^Vy which is the director 
circle. 



§ 31. The equation to the normal at the point has been 

shown to be a i /i 9 rs 

ax sec ^— oy cosec = ar—o\ 

If the point {x, y) is regarded as fixed, this equation 
represents the condition that the normal at a variable point 
6 should pass through the point {x, y) ; conversely, the 
equation gives tiie eccentric angles t>f the feet of the normals 
which can be drawn from the point (a;, y) to the ellipse. 

This equation can be written in the three following 
forms, where c' = a^—W. 

I. c'cos*^-2c'aacos'^ + (a»a?«+6*y*-c*)cos*d 

+ 2c*a»cosd— a'a?*= 0. 

11. c*sm*^+2c*6ysin»^+(a»a?«+6V-c*)sin»d 

-2c»ftysind-*V=0. 

III. hy tan*- + 2 (aaj + c=) tan' ^ + 2 {ax^e^) tan|- 6y = 0. 

Since each of these equations is quartic, it follows that in 
general four normals can be drawn from any point to an 
ellipse, the eccentric angles of their points of intersection 
with the ellipse being given by either of these equations. 

Note (i). If' dj, d^, O^y 0^ are the eccentric angles of the 

feet of the normals which can be drawn from any poiat 

$ ' 
{x, y) to an ellipse, since the coefficient of tan' - in equa- 


tion III is zero, and also the coefficient of tan*~ ia 

4 
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equal and opposite to the absolute term, it follows that 
(I) Stan|-tan|=0, 

and (2) tan^' tan7ptan-^tan-^= — 1. 

« iS A « 

These two conditions are independent of the coordinates 
X and y, and since two conditions are sufficient in order that 
four lines should meet in a. point, they are the necessary 
and sufficient conditions that the normals at* the four 
points $^f 0^, 6^f 0^ should be concurrent. 

It follows immediately that 

(i) . tani(di+dji+^5+0 = »> 

or, ^j + d,+ ^s+^4==(2w+l)ir. 

Also, 

(2) tan| tan I + tan I tan I + tan I ten I 
= -tan|(tan|+tan^-+tan|) • 

= cot -jf cot JL+ cot 7^cot^+ cot — cot-^ • 

■D 4. A^i ^^8 * ^1* ^« 2 (cos ^1 + cos d,) 

But cot-j^ cot^ — tan -^ tan— = , ' . ^ * - 
2 2 2 2 BinO^BUid^ 

Hence 2 sin d, (cos ^i + cos ^ ) = 0, 

or, sin {0^ + 0^) + sin (^, + 6^) + sin (^3 + ^1) = 0. 

This is accordingly the necessary and sufficient condition 
that the normals at the three points $i, O^y 0^ should be 
concurrent. 

Example (i). If from any point four normals are draum to 
an eUipsCy meting one of the axes in G^y G^y G^, G^y (ken wiU 

2-L-. ^ 

cg^Ycg' 
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Put y s in the equation of the normal, then 

CQ « 008 9. 

a 

Hence it is required to prove that 

S cos S sec s= .4, 

where has the four values for points the normals at which are 
concurrent. 
From equation I, 

Z cos 9 « — — , 2 sec 9 » y 

hence the required condition. . 
The same property may be proved for points on the minor axis. 

Example (ii). The normals at FQRS meet in a point; 
and P^Q^E'S' are the points on the auxiliary circle corresponding 
.to PQRS respectively. If straight lines are drawn through 
P QRS paraM to P'C, Q^C, B!C, S'C, they are concurrent. 

Let P be the point 0^ then P' is (a cos tf, a sin B), 
The equation of P'C is 

xsin^— ycos^ -O. 
Hence the equation of a line through P parallel to this is 

(«— a cos 0) sin ^— (y— 6 sin 0) cos ^ — 0, 
or,- a;sin^— ycos^— (a— 6)sin^cosd » 0. 

Conversely this gives the points 0, in which lines of this form 

a 

through the point (x, y) intersect the ellipse. Writing t for tan~9 

the equation gives 

y<» + 2<*(a; + a-b) + 2e(a;-a + 6)-y = 0. 

The conditions therefore that lines through the points 0^, B^i ^s> ^« 
of this form should be concurrent are, 

Sfi^«0 and #i^<^/4«-l. 

These are identical with the conditions that the normals at these 
points should be concurrent, and, hence, the proposition is true. 

Note (2). The coordinates of the point of intersection 
of the normals at any four points whose eccentric angles 
^i> ^2> ^8» ^4 satisfy the conditions that these normals should 
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be concurrent, are a/^^h* 



2a 

«2 



2cos^, ... ... (I) 



y=-^ Ssind. ... ... (II) 

Note (3). Let OF, OQ, OB, OT be four normals to the 
ellipse from the point 0, and let 0^, 0^, 6^, O^he the eccentric 
angles of the feet of these normals. 

The equations of the chords PQ and RT are 

- cos -^-^ + f sm -^-^ = cos — ;;— > 
a 2 5 2 2 

.eos-^+fsm-iL_*=<50s-Y-*. 

XT n ^1~^2 ^S — ^4 

Now, 2 COS cos — r — 

2 ^ 

= COS}(^l+^8-^2-^4)+COS4(dl + d^-^2-d8) 

= sin {6^ + ^g) + sin (0^ + d,) 
= - sin (^1 + ^3). . 
It follows that if the equation of the chord PQ is 

- cos ^ + T sin d = c?, 

where- 2d is written for O^^-O^, then the equation of the 
chord i?r is 

X , ^ y - sin 2d 

- sin d + T cos = ^r-j- • 

ah 2d 

Hence, if the normals at the extremities of any two chords 
are concurrent, the equations of these chords can be put in 
the form, 

-cosd + Tsind— c^ = 0, 
a 

t X ^ y ^ 1 ^ 

and - sec d + T cosec d + 3 = 

a a 

JONES F 
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Note (4). The. equation of any conic passing through the 
feet of the normals drawn from any point to the ellipse can 
now he put in the form 

gsecd+fcosecd+i[ (I) 

If the point of intersection of these normals is (A, k), it 
has heen shown (§ 29) that the eccentric angles of the feet of 
the normals are given by the equation 

^^ ^^ 2 M /TT\ 

^ r—^=:a^—o\ , (II) 

cos^ smd ^ ^ 

This equation, however, also gives the eccentric angles of 
the points of intersection of the ellipse and the rectangular 
hyperbola, ^'j, ^2^ 

=a®— 6*; (Ill) 

X y 

hence the feet of the normals meeting at the point (A, k) lie 

on the rectangular hyperbola 

{a'-b^)x2/'-a'hy + b^kx = 0, ... (IV) 

which also passes through the point (A, k) and the origin. 

This rectangular hyperbola must be one of the system of 
conies given by equation (I) ; since the coefficients of »* and y* 
are zero, clearly A. = 1 for this conic. Equation (I) then 
becomes 

Comparing this equation with equation (IV), since both 
represent the same conic, it follows that the normals at the 
extremities of the chords 

-cos^ + ?sin^— ci = 
a 

and XV 1 

- sec ^ + f cosec d+ ^ = 
aba 
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are concurrent, the coordinates of their point of intersection 
being 

^^^cosfl(d«-8in'd); ^^*sintf (i'-cos'fl). 

Note (5). To find the equation of the evolute of an ellipse. 

The evolute is here regarded as the locus of the inter- 
sections of consecutive normals. Hence, from a point on 
the evolute, two of the four normals which can be drawn 
coincide, consequently one of the chords joining the feet of 
these normals is a tangent to the ellipse. 

Let the equation of this tangent be 

-cos^ + ^sin^— 1 =0. 
a 

It follows at once that the equation of the chord joining 
the feet of the other two normals is 

X y 

- sec ^ + f cosec d+ 1 = 0, 

a 

and the point of intersection of the normals is 

cos' $1 — £ — sm' 0. 

a b 

For different values of 6, the locus of this point is 

(ax)i+{by)^ = {a^-b'')K 

This result can also be obtained by using Note (2) of this 
section. 

Example (i). From 0, the centre of curvature at any point 
on an ellipse, the other two normals OQ, OR are draun. Find 
the locus 0/(1) the middle point ofQB, and (2) the intersections 
of tangents at Q and i?. 

Let be the centre of curvature at the point ; one chord joining 
the feet of two of the normals from is the tangent 

-costf+ ^sin^-1 «0. 

F 2 
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Hence the equation of the other chord QR is 

-sectf+ ^cosec^ + l « 0. (I) 

The equation of the diameter bisecting the chord QR is 

-cos^-^sintf «0 (II) 

Eliminate $ between equations (I) and (II), it follows that 

- - -sin'tfcos^; ^ = -cos'^sintf ; 
a b 

therefore (i/ = (^ g/- . 

which is the equation of the locus of the middle point of QR. 

If (Xy r) is the intersection of tangents at Q and R, the equation 
of its polar xJT yT 

"^ ■*" "6^ " -^ 
is identical with the equation (I) of the chord QR. 

XT ■ ^ ^ 1 

Hence « ; == — 1. 

a sec $ b co&ec 

The locus of the point (-T, Y) is accordingly 

Example (ii). Normals are draion at the extremities of 
a chord parallel to the tangent at the point whose eccentric angle 
is a ; find the locus of their intersections. 

Any chord parallel to the tangent at the point a is 

X y 

- cos a + r sin a—d « 0. 

a b 

The coordinates of the point of intersection of the normals are 

given by a*— b^ 



d 



- cos a (d*— sin" a), 



by -I sin a ((J^— cos* a). 

d 

Hence ax sm a + by cos a « — :; — sm a cos a cos 2a, 

a 

ax cos a + by sm a » — - — cr cos 2a. 
a 

The required locus is consequently 
2 (ox sin a + by cos a) (ox cos a + by sin a) « (o" — b")" sin 2 a cos* 2 a. 
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Example (iii). PP' is a diameter of an ellipse^ the centre 
of curvature at P, and M, N the feet of the other two mrmals, 
which can he drawn from to the ellipse ; prove that P, P', M, N 
lie on a circle, and find the locus of its centre. 

If P is the point $, the equation of MN is 

- sec ^ + ^ cosec tf + 1 « 0. 
a b 

The equation of the diameter P f is 

X y 

- sec tf — f cosec tf »= 0. 

a h 

These four points P, P', itf, N consequently lie on the conic 

ac' v' /x y \ /x y \ 

-5 + fi — 1 +X ( - sec ^ + f cosec tf + 1 ) ( - sec ^— 21 cosec ^) = 0, 

which is a circle when 



' a* cosec" ^ + 6* sec' $ 
The coordinates of the centre of this circle are 



2a 



• sin' 6 cos ; 



and y a — — r- sin B cos' 9. 

The elimination of $ gives the required locus, whose equation is 
4(a'a;' + 6»j^)» = aH'(a»-6')^a;V. 

§ 32. To find the lengths of the tangents which can he drawn 
from any point to an ellipse. 

The equation of the tangent at the point P, whose eccentric 
angle is 6, is (§ 20) 

a;— acos^^y— 6sind__ r 
a sin ^ ~~ —h cos 6 "" CD 
where r is the distance of the point (a;, y) from the point of 
contact, and CD is the semi-diameter conjugate to CP, If 
(a?, y) is the point from which the tangents are drawn, r is 
consequently the required length ; hence the elimination of 
B from the above equations gives an equation in r, where r is 
the length of either tangent from the point (a?, y) to the ellipse. 
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X T 

Now - = 777^ sin d+ COS (9, 

a CD 





6= cZ)''*«^ + "°^' 


hence 




or, 


f'^f.CD', 


where 




Hence 


r'=/(o»8in»tf+6*co8»tf) 



or, (y-a^f) tan''d + (r»-6'/) = 0. 

But the equation of the tangent may be put in the form, 

Hence, eliminating tan 0^ the required equation follows : 

The term independent of r represents the product of the 
squares of the distances between the point, from which 
the tangents are drawn, and the foci. 

If OP, OQ are two tangents drawn from the point to 
the ellipse, it follows that 

OP.OQ = :-^OH.OS. 

Example (i). If OP, OQ are two tangents to an eUipse, and 
CF% GQf theparaUel semi-diameters, show that 
OP. OQ-\-CP\ CQ"^ OS. OH. 

Let be the point (x, y), and /= ^ + ^ -1, then OP ^f\ CP", and 
0Q=/i0(/. Hence, 



OP. og+cp'. ctf -= OP. og(i+ i) 



- OH. OS. 
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This result can be readily arrived at a priori. 
Let Pf Qbe the points ^i, ^s, therefore 

CP** « a* (1 -«" cos* 0i) « o* (1 -« cos tfO (1 +c cos $i). 
Hence 

CP'«.CQ'» = a*(l-ccos«i)(l-eco8«,Kl+«oo8^i)(l+«ooaW. 
But cos $1, cos ^3 are given by the equation 

-co80+^8in0- 1, 
a 

Hence a* (1 - « cos $i) (1 - e cos 9^) 

OH. OS 



or, CP*.C(f^ 

therefore OP.OQ'^ 



/+1 ' 

/ .OH. OS 

f+l 



Example {ii\ From a point (f, ry), Zyifi^ on the hyperbola 
a?'— y* = a^—h^, tangents OP, OQ are drawn to an ellipse. 
If CO meets PQ in R, show that 

OP.OQten=^OR:OC. 



The equation of the line 00 is 




i 1 


r 
'^CO 


The line PQj being the polar of 0, is 






1. 



Hence, if r - OR, it follows that 

n^ , OR f 

Therefore — '^ —■ 
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Now £"-iy" = aV. 

So OP, OQ =^ {(£-a^)«+i7«}i {(£+aeyW}^ 

Therefore OP, OQi^rj ^ 20R : OC, 

Example (iii). J/p, q are the lengths of two tangents drawn 

from a point on the hyperbola ^ = a— 6 to the ellipse 

Q^ \r a 

^ + f- = 1, and r the centred distance of the point, then 



a' b 



pq = r'--a* + ab-h'; p-g=2(a-6) ^"^ 



ab-{-pq 

The coordinates of any point on the given hyperbola satisfy the 
equations ^_^, ^_y ^_„._j, 

-^ 6 ir?r-=^("y)- 

Then : 

('> ^^S + T'-^ S6 ST— 

(a) 3fy> - a6 (\+a) (X+6) = ab (K'+abf). 

(3) From (I), x - -^ (/_i). 
a + 

Let p be the length of either of the tangents, hence, as in the general 

^*^* . (i)«-a«/)tan*tf+(p«-&«/)-0, 

and f^ -l)tan«^+ ?^tan^+?^ -1 « 0, 

which can also be written, 

\a tan* $+2xy tan 9+X& = 0. 
Eliminating tan 0, 

4x»jr» (p»-a«/) (p»-6V)+X« {D«(a-b)+a6 (a-6)/}» - 0. 
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Substituting the value of x^ y* found above, this equation reduces to 

Again, substituting for A in terms of/, it follows that 

(/+l)>p*_2p«a6/{(/+l)«+ ^^^^^^} +«•&•/•(/+ 1)" « 0. 
Hence p* g* - o» b*/*, or, i?g = o^= i^-a*+a6— 6^, 

therefore p-q - 2 (a-&) -^ = 2 (a-6) ■ ^ , 

and, further, (i?+g)2 = 4a^+4 (a-6)« j^— 

4/(q/^4-6)( b /+a) 

_ 4j>7(pg+a«)(i>g-fy) 

§ 33i I%€ intersections of the ellipse and a circle. 
Let the equation of the circle be 

The eccentric angles of the points of intersection of this 
circle and the ellipse are given by the equation 

a' cos' e-k-h^ sin^^ + 2^a cos^ + 2/6 sin ^ + c = 0, 
for this equation represents the condition that the point 
(a cos 6j h sin 0) should lie on the circle. 

Writing < = tan-, this equation reduces to 

a' (l-<7+46«<«+2flra(l -«*)-!- 4/6<(l + <') + (? (1+<V=0. 

The coefficients of t and «' in this equation are equal ; hence, 
if dj, ^2, 0.J 0^ are the eccentric angles of the four points of 
intersection of the ellipse and circle, 

2tan| = 2tan|tanJ«tan^. 
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But this is also the condition that 

tMli (^1 + ^2 + ^3+^*) = 0, 

hence ^i + ^, + ^3 + ^4 = 2nv. 

This condition is independent of the coefficients of the 
equation of the circle, consequently the necessary and 
sufficient condition that any four points on an ellipse should 
be concyclic is 2 ^ = 2nir. 

Note (i). Beferring to the equation of the chord joining 
two points on an ellipse, it is evident that the condition 
2^ = 2n7r implies that the common chords of a circle 
and an ellipse are equally inclined in pairs to the axis in 
opposite directions (Of. § 26.) 

Note (2). If a system of circles touches an ellipse at any 
given pointy their common chords are in a fixed direction. 

Note (3), If the circle is the circle of curvature at the 
point Of since this circle intersects the ellipse in three 
coincident points, three of the values of giyen by the 
equation for their intersections must be oqual. Let the 
fourth point of intersection be dj, then 

^j + 3^= 2mr, 
i. e. the circle of curvature at the point cuts the curve again 
at the point 2nw-3ft 

Note (4^. If the equation 

a' cos' ^+6' sin' ^+ 2^a cos d+2/6sin ^+c = 
be converted into equations in cos and sin 6 successively, 
the first two terms in each are, 

{a^^h^Y cos* 6 + 4ga (a»~6') cos'^+ ... 
(6«-.a7sin*^ + 4/6{6«-a«)sin«d+ ... 

_, ^ ' ^ ^aa 

Hence 2 cos ^ = z — n 

4,fa 
and 2sin^ = — ,T^^— 2- 
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Consequently, when the circle is the circle of curvature 
at the point d, 

— Gr = — - — (3cosd + cos3^) = oos'(9, 

6'— a* 6'— a* 

— / = -jT— (3 sin (?-sin 3 d) = — v— sin' 0, 

which gives the coordinates of the centre of curvature at the 
point 6, 



Example. The three points Q, Q^, Qf' on an ellipse are such 

that their three circles of curvature intersect at another point 

P on the ellipse; prove that the area of the triangle Q, Q^, (^^ is 

3v^ 

times the area of the ellipse. 



47r 



Let P be the point $, the eccentric angles of the points Q, Q'j (/' are 

of the form — , or, practically, — - ; ; 

3 8 3 8 



Now the area of the triangle Q tf Q" 



»ia5 



cos- —sin 
cos — - — sm 



cos sin 



3 

2ir-e 
3 



• 2a5sin-sin — 
8 3 



. e 

-sin- 



sin — — cos 
3 

. ^-2ir 
sin cos 



8 
^-2v 



« 2a& sm" - sin — 
3 3 



8^8a& 
4 
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§ 34. The use of coordinates involving imaginary quantities. 

The coordinates of any point on the ellipse can be expressed 
in terms of the single variable thus : 

where t = V"— 1. 

If this system of coordinates is used, all the results in 
the previous sections relating to the normal and circle 
respectively can be deduced from one equation, whereas it 
has been found necessary with the usual coordinate system to 
express these equations in terms of different trigonometrical 

functions of the eccentric angle Tcos 0, sin 0, tan -J to obtain 

particular results. The following notes will illustrate this 
point : — 

1. To find the condition that the straight line px + qf/ = r 
should touch the ellipse. 

This straight line meets the ellipse at points whose 
eccentric angles are given by the equation 

If the straight line is a tangent, this equation must have 
equal roots, hence 

(ap — iqb) (a/?4- 1 qb) — a*p*+V ^ =z r^. 

N.B. The equation of the tangent can be written 

^a ^ a 

2. The equation of the normal in the present notation is 

This equation, conversely, gives the eccentric angles of 
the feet of the normals which can be drawn from any point 
(a;, y) to the ellipse. Hence, if the normals at the points 
^i> ^2> ^j> ^4 are concurrent, these values of 6 satisfy the 
above equation for some value of x and y. 
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Note (i). The coefficients of the first and last terms are 
equal and opposite, hence 

or, 0^ + 0^ + 0,-^$, = {2n^l)Tr. 

Note (2). The coefficient of e'^* is zero, hence 

4 

1 
therefore S cos {0^ + ^j) = S sin {0^ + ^2) = ; 

or, since . «i^i= — 6-*<^+*i+*4), 

it follows at once that 

2 
or, sin {6.^ + ^3) + sin (^3 + 0^) + sin {0^ + 0^) = 0. - 

Note (3). Again, 

Hence the point of intersection of the normals at the 
points ^1, ^2, ^3, 0^ is given by 

a? = -g — S cos ^ ; y = , S sin d ; 

equating real and imaginary parts on each side of the 
equation. 

Note (4). The reader may find the point of intersection 
of consecutive normals from the above conditions. 

. 3. The eccentric angles of the points of intersection of 
the circle whose equation is 

ix^ + ^ + 2ffx+2fy + cz=0, 
and the ellipse, are given by 

(a«-62) e**H4 (a^-t6/) e*»<'+2 (a^ + 62+.2c) e'2« 
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Note (i). The coefficients of the first and last terms are 
equal ; hence, if the four points ^i, 6 2, ^3, 0^ are concyclic, 

or, S ^ = 27111. 

Note (2). If this circle is the circle of curvature at the 
point By then e^ -, ^^ _, ^^ _ ^^ 

and, hence, 30 + Oi = 2mr. 

From the above equation it follows that 

in the case of the circle of curvature this becomes 

4t(ag-ihf) „ . ^ 

= Se'^ + e-'*^ 

= 4cos'* d+ 4i sin' 0, 
Therefore, 



Again, 



,g — cos' ; — /= — 7— sm' 0. 






= 6cos2^. 

Therefore, 2c = 3 (a^-ft') cos 2d-{a« + 6'), 

The equation of the circle of curvature at any point 6^ can 
now be written 

a ' 

+ (a»-26»)cos«d + (6^-2a«)sin»d= 0. 
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§ 35- The frequent appearance of the length of the semi- 
diameter CD, conjugate to the diameter CP^ in the equations 
of this chapter, suggests the use of this length CD as a 
variable of reference. Many of the lengths and angles 
with which one has to deal in probl^ns on the ellipse can 
be very simply expressed in terms of the length CD. 

It will often be found useful to thus express various parts 
of a problem, in a way analogous to the use of the radius 
of the circumscribing circle in the trigonometry of a triangle. 
It can be readily shown that, 

I. The eccentric angle of the point P is 

tan 



v^ 



2. From the equation of the normal, the intercepts 
made on the normal by the axes of the ellipse, are 

- CD^ and ^ CD respectively. 

3. From the equation of the tangent, if PT^ PT^ are the 
intercepts made on the tangent by the axes, 

PT.Pr^GD\ 

4. The perpendicular from the centre on the tangent at 

5. The angle which the tangent at P makes with jthe 
focal distance of P is sin~'(^^V 

The Hyperbola. 
§ 36. The equation of an hyperbola referred to its axes is 

Its properties can be at once deduced from those of the 
ellipse by substituting V"— 1 h for 6. 
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If this use of the imaginary quantity is objected to, the 
universal system of coordinates given below may be 
employed. The results, however, are not so symmetrical 
as in the case of the ellipse^ 

Any point on the hjrpwbola can be expressed in the form 
(a sec 0, b tan 6), 

1. The equation of the chord joining the two points 
^1, $2 on the hyperbola is 

2. The equation of the tangent to the hyperbola at the 

X y 
point ^ is 7 sin = cos B, 

3. The equation of the normal to the hyperbola at the 
points is • aa;sind + 6y = (a» + 6'}tand. 

4. The diameter conjugate to CF does not meet the 
curve in real points, consequently the length of the semi- 
conjugate diameter CD is imaginary. 

• If, however, CD^ is taken equal to a' tan* ^ + 6^ sec' ^, 
the equations of the tangent and normal can be put in the 
convenient forms, 

a;— asecd __ y — 6tan^_^ r 
a tan ^ " 6 sec ^ CD' 

- a?— a sec ^ y— 6tand r 

6sec^ ■" -atan^ ""CZ)* 
The method of finding these equations is exactly analogous 
to that of finding the corresponding equations for the ellipse 
and is consequently left to the reader. 

Illustrative Examples. 

Example (i). If from the vertex of a conic perpendiculars are 
drawn to the four normals which meet at the point 0, these lines 
will meet the conic again in four concyclic points. 
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The equation of the normal at the point is 

oxsec^—bycosec^ » a^ — 6*. . (I) 

The equation of the perpendicular to the normal through the point 
(*' ^) *^ (a;-a) b cos «+ay sin ^ -= 0. 

This straight line meets the ellipse again in a pointy, giyen hy the 
equation cosd(l-cofl^) - sin^sin^k (II) 

Hence tan ^ - tan $j 

2 

or, t^nn+e, 

i.e. ^=»2nir + 2tf. 

Consequently, for the four points which can thus be found, 

2^ s 2nv-f 220 

= 2nr+2(2m + l)ir 

= 2r», 

which is the condition that the points ^i, ^,, ^3, ^4 should be 
coney clic. 

Example (ii). To find the product ofthefotir normds which 
can he drawn /rom a given point to the ellipse 

— k— = 1 

Let the giyen point be (x, y). 
From the equation of the normal, 

Of— aco8 _ y— bsintf _ r 
bGosO a sin 9 CD* 

it follows that the product of the normals from the point is 

h COS e 



^ Ti n (a— » sec 0) \/(l —e cos 0) (1 +e cos 0}y 

where the four values of cos are given by the equation (§ 31, I), 

c* cos* tf -2 oa^ cos' 0+ (a* iK*+ 5' y»-c*) cos' 0+ 2 axc»costf- a* a:* « 0. (1) 

The left-hand side of this equation is therefore identically equal to 



c*ll{<ioa0—coa0i), 

1 



JONES 
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Hence 

c«n(l-6COs^)-c«-2c«a«x+(a»x*+6*!^-Oe»+2c«ax«»-a»x*eS 
since c' = a'— b* - a' «*. 

Hence c«n(l-eoo8^) - a»e«(l-e9)(a;«+y'-2aex+o*0 

Therefore 11 ^l-eao&e - -j- OS, 



bOH 



and, similarly, 11 -/T+Tcos^ - , 

Again, writing equation (I) in terms of sec 9, 
a*x»n(a-xsectf) - a«»«-2c"a*x»-a«x»(a«x* + l>V-c*)+2cV**-c*a;* ; 
therefore 

n(a-«8ec^) = -x'(a»-2«V+a«e*)-6V+a*(l-2e'+«*), 

= - 6V. 
Hence the product of the normals 

}^ 
« -JOH. OS. 

Further ($ 82), since the product of the tangents from to the ellipse 

=705. OS -(5 + ^), 

the ratio of the product of the normals to the product of the tangents 
from the point (x, y) to an ellipse is 

a*5«(/+l) 

N.B. If v'— 16 is substituted for 5, the corresponding result for the 
hyperbola 

^_t 1 ,•« «'^ /^** y\ 

which represents the product of the perpendiculars from the point 
(x, y) on the asymptotes x y 

— + r- "= O. 

a h 

Example (iii). QQ^ is a chord of an ellipse parallel to one 
of the equi-cohjugaie diameters ; show that the locus of the centre 
of the circle QCQ' for different positions ofQ^ is an hyperbola. 
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If $1 and $2 are the eccentric angles of the points Q, (fy since the 

chord Q<y ia parallel to one of the lines - + ^ = 0, it follows that 

a 

The equation of any circle through the centre of the elliiMse is 

This circle meets the ellipse in points whose eccentric angles are 
given by the equation 

a^ cos' + b* sin* ^+2flfa cos tf + 2/b sin d « 0. 
If two of the values of given by this equation correspond to the 
points Q, Q', then the equation is satisfied by the values $i and 

±-;->- 

Hence o' cos* $1 + &' sin' «i + 2 gfo cos ^^ + 2/6 sin ^^ « 0, 
and a' sin* 9^ + 6' cos' $^ + 2ga sin 0i ± 2/6 cos Oi = 0. 

By addition and subtraction, 

a*+6^ « -2 (^a+/6) (cos ^i + sin $i), 
and (a* — 6*) (cos* ^i — sin' $i) - —2 {ga T/6) (cos 9^ + sin ^i), 

i. e. (a' — 6») (cos ^^ + sin tf^) = — 2 (^ +/6), 

• Hence 4 (flr'a»-/«6') = a«~6*, 

or the locus of the centre of the circle (— flr, — /), is the hyperbola, 
4 (a«x»-6«tO *«*-&*. 

Example (iv). J. cAorc? of an ellipse, whose semi-axes are a, 6, 
subtends angles 2$^, 26^ at the fod and touches a similar, 
similarly situated and concentric eUipse, whose semi-axes are 
a cos p, h cos p. Prove thai 

h (cot e^ + cot (^2) = 2a cot /3. 

Let the point (A, x) be the pole of the given chord, hence the 



aight line 


xh yx 


iiches the ellipse 


J, + ^'=^cos'^; 


erefore 


^ + ^ = 8ec«/3 = l+tan« 
a or 


.*. 


tan'fl s= 1 + - -1 =/. 



G2 
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Again, a triangle whose sides are OH, 08, and AA' has angles equal 
to 01, ^9, and if>, where <p is the angle between the tangents from the 
point to the ellipse. 

sin ^i _ sing^ _ sin^ __ sin(gi-t-ga) 
'oh da' 2a " 2a 



Hence 
Therefore 



Now 
but 



therefore 



sin $1 sin 9a 



4a« 



OH OS sin <p 
tan ^ = 2ayi -^ (o«+6»-x»-v») ; 

« OH^OS*; 

4a^b 



^(cottfi+cottf,) « 



OH OS sin ^ 

2a 

= -r ■= 2a cot 3. 



CHAPTER V 

THE HYPERBOLA REFERRED TO ITS ASYMPTOTES 

§ 37. The asymptotes of an hyperbola are the two finite 
straight lines which touch the curve at points at infinity ; 
the straight line at infinity is the chord of contact of these 
tangents. 

If the asymptotes are taken as coordinate axes, since the 
equation of the straight line at infinity is 

0.a;+0.y + c = 0, 
the equation of the hyperbola is of the form 

i. e. a conic having double contact with the straight lines 
a; = 0, and y = 0, the line c = being the chord of contact. 
In the particular case of the rectangular hyperbola the 
coordinate axes are rectangular. 

This form of the equation to an hyperbola is useful in 
problems dealing with descriptive properties of the curve, 
and in the case of the rectangular hyperbola with metrical 
properties also. 

§ 38. The coordinates of any point on the hyperbola 
ajy = <?* 
satisfy the equations x V _^^ 

I.e. a5 = cA,y = j> 

for the point \c A, - j satisfies the equation of the curve for 

all values of the parameter A, and further, for different values 
of the parameter, these coordinates can have any value, 
consequently any point on the curve can be so represented. 
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§ 39. Hie intersections of any straight line and the hyperbola. 
Let the equation of any straight line be 
Ax^By + c=iO; 
the parameters of the points in which this straight line 
meets the hyperbola are given by the equation 
i4A« + A + 5 = 0, 

obtained by substituting a? = c A, y = t in the equation of 
the straight line. 

If A^y Ag are the two roots of this equation in A, the points 

of intersection are (c Aj, — ), (e A,, —)• 

It follows immediately from the above equation that 

XX 1 

and . ^1 ^a '^ "T » 

therefore 



1 A,A, -(A, + AJ 

Hence the equation of the chord joining the two points on 
the hyperbola, whose parameters are A, and A^, is 

a?+AiA,y = c(Aj + A,) (I) 

This equation can also be written in the form 
X y 

c(A,+X,) + c(A,->+A,-')='' 
consequently if {X, Y) is the middle point of any chord, the 
equation of the chord is 

}+f =2. ... ... (II) 

Note (1). The parameters A,, A^ of the extremities of any 
one of a system of parallel chords of the hyperbola are 
connected by the relation A^ A, = constant ; or, if (X, Y) be 

T 

the middle point of any such chords ^ = constant 
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Hence the locus of the middle points of a sy^nx of 
chords of the hyperbola parallel to the straight lines (I) or (II) 
is a straight line, 

X y 
y^kx, or, 5^-7 = 0, 

which passes through the origin of coordinates, which 
point is also the centre of the hyperbola. 

This result can be otherwise stated thus : 

The middle points of all chords of the hyperbola, which 
are parallel to the diameter 



lie on the diameter 



X V 



X y 



The symmetry of the result shows that the converse 
proposition is also true, i. e. the middle of points of chords 
parallel to the second diameter lie on the first. 

These diameters are conjugate diameters, hence the 
equations of any pair of conjugate diameters are of the form, 
aj + {Py = 0, and a?— rf'y = Q. 

It should be noted that the diameter x-^cPy = does not 
meet the hyperbola in real points. 

Since the equations of the asymptotes are a; = and 
y =iO, it follows that the asymptotes and any pair of 
conjugate diameters form an harmonic pencil. 

Note (2). In the case of the rectangular hyperbola, the 
axes of cpordinates being at right angles, the geometrical 
meaning of the parameter A is simple. The straight line 
joining the origin to the point whose parameter is A, is 

X 

i. e. cot^^X' and tan'^ A^ are the inclinations of this radius 
to the asymptotes respectively. 
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Example. If four points are taken on a rectangular hyper- 
bola 8U(^ that the chord joining any two is perpendicular to the 
chord joining the other two, and if oc, fi, y, h he the indincUions 
to either asymptote of the straight lines joining these points to 
the centre, then 

tan ex tan /3 tan y tan 5=1. 

Let the parameters of the four points be \i, X,, X,, X^. The 
equations of one pair of chords joining them are 
x + XjXaJ/ = c(Xi + Xa), 
ac + AjX^y^cCXj + X^). 
Since these chords are by hypothesis perpendicular 
Xj Xj Xj X^ ^ — 1» 
Hence Xj^XjaAjU^* « 1, 

or, ^r'^2-'^5-*^r' = i» 

i. e. tan a tan fi tan y tan 8 « 1. 

The symmetry of the result shows that if one pair of chords joining 
the four points are perpendicular, the other two pairs of chords are 
also perpendicular; hence, if X^, X,, X, are any three points on the 
rectangular hyperbola, and the line through X^ perpendicular to the 
chord joining the points X,, X3 meets the curve at the point X^, then 
the line through either of the points X, or X3 perpendicular to the join 
of the other two will meet the curve in this same point X^, hence the 
orthooentre of any triangle inscribed in a rectangular hyperbola lies 
on the curve, and if X^, X,, X, are the parameters of the vertices of this 

triangle, the orthocentre is the point ( , — cX^ XjXg) . 

\ X| X] Xg / 

§ 40. Conjugate hyperbolas. 

The hyperbolas whose equations are 

«y = c', - .-. (I) 

and xy^—c^, ... ... (II) 

respectively, are said to be conjugate ; they clearly have the 
same asymptotes and centre. 

The coordinates of any point on the first have the same 
sign, those of any point on the second opposite signs ; hence 
the first curve lies entirely within the first and third 
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quadrants into which the common asymptotes divide the 
plane of coordinates, the second entirely in the second and 
fourth; consequently any straight line through the centre 
which meets one of the hyperholas in real points meets the 
other only in imaginary points. These hyperbolas are con- 
nected by many interesting relations which will make the 
meaning of the term conjugate clear. 

Note. The coordinates of any point on the hyperbola 
xy = — c* 

can be represented by (cA, — r), and it is to be understood 

in the following pages that the coordinates of any point on 
this hyperbola corresponding to the parameter A, are of 
opposite sign *. 

With this notation the equation of the chord joining any 
two points Aj, Aj on the hyperbola is 

aj—Aj Aj y = c (Xi + Ag). 

It can also be shown, as in § 89, that the equations of any 
pair of conjugate diameters are of the form 

x~(i«y = 0; x-k-d^y — O) 
and, consequently, conjugate diameters of any hyperbola are 
also conjugate diameters of the conjugate hyperbola; in 
particular they have the same axes, the major axis of the 
one being the minor axis of the other, and vice versa. 

Suppose the diameter a?— c^^y = meets the hyperbola 
ajy— c* = in the real points P, /*', the parameters of these 
points are ±d. 

The conjugate diameter x-\-d^y=^0 meets the conjugate 
hyperbola xy =^ —c^ in two real points D, ly, whose 
parameters are also + d, 

*■ Results symmetrical with those of the hyperbola xy — (? can be 
obtained by using ^xV— c*, - V^j '^ ^^ coordinates of any point 
on the conjugate hyperbola. 
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Let CO be the angle between the asymptotes, it follows that 

CP' = CF^:= C^ c^«+ ~ + 2c2 cos O), 

and CD^ = CD'^=z c^d^^ ^2 " 2<?' cos a> ; 

hence CP^—CD^ = 4 c* cos co = constant. 

Note (i). If the hyperbolas are rectangular CP^ = CD\ 
Note (2). The expression for the length of the radius CP 

can be written 

CP2 = (cd- |)V 4c2 cos* i o). 

If CP is a minimum, ie. if it is the semi-major axis of 
the hyperbola, then c£ = +1, 

Hence the equation of the major axis is 

and its length is 4 c cos i co. 

Similarly it may be shown that the equation of the minor 
axis is ^^y-_p^ 

and its length 4 c sin \ co. 

Hence, if a and b are the lengths of the major and minor 
semi-axes, . ^. ^ ^ ^^,^ j,^^ and u, = 2 tan"' ^. 

Note (3). The coordinates of the points P, /", 2), I/ are 
i±cd, ±5)and(±cd, +^). 

i. e. PP^ DD' is a parallelogram whose sides are parallel 

2c 
to the asymptotes, and whose lengths are 2 cc? and -j 

respectively, its area is 2 c* sin o, which is constant. 

§ 41. The tangent. 

The equation of the chord joining any two points on the 
hyperbola whose parameters are Aj, Aj is 
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If the points A,, X, coincide, this equation becomes that 
of the tangent at the point; hence the equation of the 
tangent at the point X is 

»+X'y = 2cA. 

Note (i). The equation of the tangent at the point X on 
the conjugate hyperbola ajz + c* = is 
0?— X*y = 2cX. 

Note (2). The intercepts made by the tangent at the 

2c 
point X on the asymptotes are 2cX and y ; 

hence (i) the intercept made by the asymptotes on any 
tangent is bisected at the point of contact, 

(ii) the area of the triangle formed by the asymptotes 
and any tangent to the curve is constant and equal to 
2c' sin u). 

Example (i). Mnd the locus of the intersections of two 
straight lines which are perpendicular to each other and are 
tangents respectively to a rectangular hyperbola and its conjugate. 
Let the straight lines be 

a:+X«y-2cX « 0, 
«— /**y— 2cfi = 0. 
Since they are perpendicular 

AV*-1> i.e. X/«=+l. 
Hence the locus required is that of the intersections of the straight 
lines, X«y-2cX+» = 0, 

X'x + 2cA.-y = 0. 
By cross-multiplication, 

X* = ^ = 1 

2c(y + x) a;>+y^ "" 2c(x + y)' 

or, the locus is (a5»+y')' « ±4c'(x*— y*). 

Example (ii). Tangents at the points of intersection of 
xy = <? and the ellipse aj*+y* = c' (cos co + sec a>) are perpen- 
dicular to the asymptotes. 
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If the parameter of either point of intersection is \, since the point 

yeXf r-) is also on the ellipse, 

X*+ 1 = X* (cos 0; + sec «i), 

i.e. X'coew— 1«0, or, X*— oosa;«0, 

which are the required conditions that the tangents at these points 
should be perpendicular to the asymptotes. . 

The equation of the tangent at the point A on the 
hyperbola, X'^y-2cX + aJ = 0, 

may also be regarded as a quadratic equation in the variable 
A, giving the parameters of the points of contact of the 
tangents which can be drawn from the point {x, y) to the 
curve. 

Hence, if the tangents from the point {x, y) meet the cui*ve 
at the points A^, A,, then 

A, + A„ ^ — , ana A, Ao ^ — ; 

y y 

2e , 2e 

or, g = . -1 . V .^ t and y 



Ar* + V "^""^i + A, 

Note (i). The tangents at the extremities of a chord 
whose middle point is (X, Y) intersect at the point 

Ct' y)' 

Note (2). The tangents to the hyperbola at the points 
Aj, A.^ are at right angles if 

Ai« A,« - (A,» + Aj«) cos o) + 1 = 0. 

If {xy y) is the point of intersection of these tangents, 
it follows that 

a? + y" + 2a5ycosa) = 4c'cosa>. 

This equation represents the locus of the intersections of 
pairs of orthogonal tangents, and is called the director circle ; 
its centre is the centre of the hyperbola and its radius is 
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It is interesting to note that in the case of the rectangular 
hyperbola this locus reduces to the point-circle 

a5» + y' = 0, 

i.e. the only xeal orthogonal tangents to a rectangular 
hyperbola are the asymptotes. 

Note (3). The tangents from any point {x, y) to the 
hyperbola are real, coincident, or imaginary, according as 
c*— a?y is positive, zero, or negative. 

Hence the point {x, y) is outside, on, or inside the curve, 
according as ajy is < ^ =, or >c'. 

Note (4). Since the parameters of the points of contact 
of tangents from the point (X, Y) lo the hyperbola are 
given by 

Ai + Aj=y; ana K^K^:^-^^ 

the equation of the chord of contact (Le. the chord joining 
the points X^, A,) is 

ajy+yX=2c". 

This equation consequently represents the polar of the 
point (X, 7) with respect to the hyperbola. 

Example (i). Find the locus of the intersections of pairs of 

tangents to an hyperbola length which cut off a constant length 

on one of the asymptotes. 

If \i, X, are the points of contact of one pair of tangents the 
intercepts made by the tangents on the asymptote v » are 2cA|, 
2cX,. 

The given condition is, accordingly, 

X^— X^ -B constant. 
Now if (Xf y) is the point of intersection of tangents, X^ , X, are 
given by x«y-2cX+« * ; 

therefore —5- = (^i-^a)' = constant. 

Lb, the required locus is c»— opy « fcy*. 
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Example (ii). To find the locus of the intersection of tangents 
to a rectangular hyperbola which contain a given angle 0, 
If X,, A, are the points of contact of two of the tangents, then 

tan «= — = =— • 

Biut if (x, y) IB the corresponding point on the locus, K^, X, are 

therefore tantf=-^— = — ^^, 

and the required locus is 

(x»+!0'tan»^ = 16c"(c«-«y). 

§ 42. The normal to a rectangular hyperbola. 

The equation of the normal to an hyperbola whose 
asymptotes are not rectangular involves the angle between 
the asymptotes ; this equation is 

A (1 -\« coso)) y+X (cosft)-X«) aj+(X*- 1) c = 0. 

Problems requiring the equation of the normal are better 
treated by taking the equation of the hyperbola in the form 
discussed in the last chapter. 

The tangent to a rectangular hyperbola whose equation is 

e 
at the point (cA, -) is = — -- > 

hence the equation of the normal at the same point is 

e 

x—c\ A 

^— =="A^' 
which may be written 

cA*— ajA' + yA— c= 0. 
This equation, being the condition that the normal at the 
point A should pass through the point {x, y\ gives the 
parameters of the feet of the normals which can be drawn 
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from the point (a?, y) to the hyperbola. This equation is 
quartic in the variable A, hence four normals can be drawn 
from any point to a rectangular hyperbola. 

If the parameters of the feet of these normals are 
\y Kf Ki Ky ^®y must satisfy the conditions 
2X^X3 = and XiA,A,X^ = — 1, 
which may otherwise be written 

These two conditions are independent of the coordinates 
X and y ; consequently they are the conditions which must 
be satisfied by the parameters of any four points on the 
hyperbola the normals at which are concurrent. 

If the Cartesian coordinates of four such points are 
(^i> Vili ip^.y y«)> (^s> y^y (*4> y*)? tl^^® conditions become 
2ajja?, = 2y,y, = 0. 

If these conditions are satisfied, the coordinates of the 
point of intersection of the normals are « 

a5 = cSA; y = — c S Aj AjA, = c 2-r-> 

A 

or, expressed in the Cartesian coordinates of the points they 
are (aJx + aJi+aJs+^A and (yi+y.+yj+yj- 

Note (i). The four normals, which can be drawn from 
any point (c/i, -j on the rectangular hyperbola to the 

curve, meet the curve in points whose parameters are given 

by the equation .^ ., cA 
•^ ^ cA*— cA'uH c = 0, 

which reduces to {A'/iJi+ 1) (A— fi) = 0. 

The value A = fx corresponds to the normal at the chosen 

point ; the parameters of the feet of the other normals are 

given by .,1 
A' = • 
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Hence, two of these are imaginary, and the third is the 
point . c ./-x 

Hence, conversely, the normal to the hyperbola at the 
point X meets the curve again at the point — rj* 

Note (2). To find the conditions that the normals at the 
points of intersection of any two straight lines and a 
rectangular hyperbola should be concurrent, and to find the 
coordinates of the point of intersection of these normals. 

Let the two straight lines be 

If these lines meet the rectangular hyperbola at the points 
Ki Kf Kf K respectively, comparing the equations of the 
lines with those of the corresponding chords, it follows that 

• \ X -^ X X — ^• 

Aj Aj — -j- > Aj A^ — ^7 > 

. . 1 V X 1 

The conditions that the four normals at these points 
should be concurrent are 

XiX,X3X,= -l and XiX,+X,X^ + (Xj+X,)(X3 + X,) = 0, 
hence AA' + BB'=0, 

and ^^+il'5=-l, 

which conditions are equivalent to 
A' _ B" _ 1 
B "~ -A'^ A^^B'^ 

The coordinates of the point of intersection of the normals 
are « = cSX = c(i + i,); y = csi = c(i + l). 
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Consequently, if the normals at the extremities of two 
chords of a rectangular hyperbola are concurrent, the chords 
are at right angles and their equations are of the form . 

iAx + By^c 

lBx^Ay = c(A^^B'). 

Example (i). The locus of the intersections of normals to 
a rectangular hyperbola at the extremities of a system of parallel 
chords is another rectangular hyperbola. 

Let Ax+By = c 

be any one of th« system of parallel chords, and suppose 

A . 

- = tanr 

The dhord joining the feet of the other two normals, which can be 
drawn to the curve from the point of intersection of the normals at 
the end of this chord, is 

^he -coordinates of the point of intersection of the normals are 
/I -4*— ^\ /I \ 

^^^\jL'^ — B — ) = ^^l-j^-^^^y^-^^^^^yji 

therefore x cot 7 + y = -7 (cot 7 + tan 7), 

A 

X— y cot y ^ cA (tan 7 — cot' 7), 

hence the required locus is 

(x«ot 7+y) (x—y cdt 7) « c* cosec* 7 (l—tan* 7). 

Example (ii). The four normals are drawn from any point 
(aj, y) to the rectangular hyperbola. If the tangents at the feet 
of the normals meet in (f,., t;^), r = 1, 2. ..6, show that 

r=l "^Vr^ r=l ^Cr'' 
and fifa-.fe + ^i^a •^• = 0. 

The parameters of the feet of these normals are given by 

cX*-xX»+yX-c = 0. 
The points of contact of tangents from the point (£f rf) are given by 

JONES H 
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Therefore i s=^^x,. 

Hence 2 - = 2 Xi X, « 0, 

and 5j = 5-i- = 0. 

Again {lAiiJ? = (X, X, Xg X,)» = ( - 1)» = - 1. 

§ 43. T/te intersections of an hyperbola and a cirde. 

The equation of any circle referrecl to the asymptotes of 
the hyperbola as axes of coordinates is 

s»' + y' + 2{»y cosa) + 2^+2JV + <2=s=0. 

The parameters of the points of intersection of this circle 

and the hyperbola are obtained by substituting x^ck and 

c 
y = T-ia this equation, hence 

c*\* + 2^cX'+ ((«+ 2c« cos a»)A» + 2ycX + <^ = 0. 

If A,, A,, A,, A^ are the values of A given by this equation, 

since the coefficients of the first and last terms are equal, 

1 2 8 4 ^~ • 

This is the necessary condition that the four points whose 
parameters are A,, A,, A,, A^ should lie on a circle; it is 
also sufficient, since any three points lie on a cii'cle. When 
the hyperbola is rectangular the coordinates of the centre of 
this circle are (— y, — /), Le. in terms of the parameters 
of the points /c ^ v c ^U 

(2^^' 2^ a)- 
These results can otherwise be stated thus : 
If the four points («„ y,\ (a?,, y,), (a?,, y^), (x,, y,) on the 
hyperbola ajy— c* = are concyclic, the product of their 
abscissae is e\ and the centre of the circle is the point 

iCa^i+^a+aja + ^A 4(yi+y«+y8+y.)- 

Note (i). The condition that four points on the hyperbola 
s)iould be concyclic is also the condition that the common 
chords of the circle and hyperbola should be equally inclined 
in pairs to either axis of the hyperbola. 
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Note (2). If this circle is the circle of curvature at the 
point A, then three of the points of intersection of the 
circle and hyperbola coincide with A. Hence, if the fourth 
point of intersection is Aj, then A^ A" = l, 

L e. the circle of curvature at the point (e A, -) meets the 
hyperbola again at the point (r,* cA'). The equation of 
the chord of curvature at the point A is accordingly 

«,+ y=c(A+i), 

or, A»a; + Ay = c(A*+l). 

Incidentally it may be noted that four chords of curvature 
meet at any point 

The equation to the circle of curvature may now be found, 

for -2^ = c2A=;c(3A+A,) = c(3A + -,), 

(i+2c«cosa) = c»2 A,A, = c» (3 A»+^) ; 
hence the equation is 

i»' + 3^ + 2aJ2/cosa)-ca;(3A+-3)— cy(^+A») 

«> ■ 
+ c*(3 A« + -| — 2cosa)) = 0. 

When the hyperbola is rectangular this equation reduces to 

a^ + y'-«r(3A + l)-cy(| + A»)+c'(3V + l) = 0. 

(a) Since this equation is of the sixth degree in A, six 
circles of curvature can be drawn to meet at any point 
(a?, y) ; the parameters of the points at which they touch the 
hyperbola are given by this equation, and these parameters 
satisfy four independent conditions. 

H 2 
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(6) The centi-e of curvature of any point X on the 
rectangular hyperhola is 2(^^'^X^)' l^A"*" /* 

{c) The locus of the centre of curvature, I e. the equation 
of the evolute, may be found as follows : 

Since a?«|(3 ^ + ^3)' 2/ = | (^ + ^0' 

e / Is' 
therefore sc + y = g (^ + x) ' 

Hence (as+y)*— (a?— y)*= (4 c)*. 

(d) The radius of curvature p, at the point A, is given by 



=i'(-4o'' 



C / 1 N^ 

or, />=2(^'+X5) • 



Illustrative Examples. 

Example (i). To find line sum of the squares of the lengths 
of the normals which can he drawn from the point (a;, y) to 
a rectangular hyperbola. 

The required sum 

where the four values of X are given by the equation 
c\*-\^x + \y-c = 0. 
Hence 5X1X3 = 0, and 2xa = (SX)*. 
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Sum = 4x»+4i/«-2cxSX-2cy2i +(r'5X>+c*S^, 

i. e. the sum of the squares of the normals from any point is equal to 
three times the square of the distance of that point from the centre. 

Example (ii). If the cirde circumscribing the Mangle formed 
by the tangents at the points {x^, yj\ (a?^, y.^), (a?,, ^g) on a 
rectangular hyperbola passes through the centre of the curve, then 

a?i + a?8 + a?, ^ Vi + y^ + y^ _ ^ 
and the centre of the circle is 

Let the parameters of the points of contact of the tangents be 
^i> ^a> ^ » *^^ write s^ = SX, s^ = ZgXj^Xj, «j = XjAaXj. 
The coordinates of the vertices of the circumscribing triangle are 

2c88 2c 

. X(8i-X)' «i-x' 

where X has either of the values X^, X,, or X,. 

A circle whose centre is (jg, f), and which passes through the 
origin, is op'+.y»-'2gx—yy = (X 

If any one of the vertices of the triangle lies on this circle, then 

/X«-(/si-srsi-c)X«-^Si«8X+(»j« « 0. 

But this condition is satisfied when X is equal to X^, X^, or X,, 
hence X^ , X^, Xg are the roots of this equation in X. 

It follows that 

8 * 
(i) s8=-c^, i.e./=-c58. 

(a) Sa=.-flf«i^, i.e. g=^- 

(3) «i = «i-~-j» I.e. ^---. 

Hence the centre of the circle is (— - , — csgj, with the condition 

«2«S + *1 = ^» ' 

These results are identical with those required. 
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Example (iii). A^^ A^^ A^, A^ are the feet of the normals 
dratm to an ellipse from a point P, and B^ is the fourth point 
where the cirde A^ A^ A^ cuts the rectangular hyperbola 
A^A^A^ A^; the points B.^, B^, B^ being determined in the 
same manner. Prove that the points B^, B^, B^y B^ lie on an 
invariable ellipse, whose centre is at P and whose axes are 
parallel to those of the original ellipse. 

Let the ellipse be -, + ^= !> ^^^ the points A^, A^, A^y A^ be 
(xii^O, Wyi)i (p^zVi)* (x^y;), the point P be (*, fc), and B^ (^j, i/i). 

The rectangular hyx>erbola is (p. 66, IV) 

{a^^h^xy^a^hy + V*kx= 0, 
which may be written 

or, (a;-a)(y+i3) = c». 

The coordinates of any point on this hyperbola can be expressed in 
terms of the parameter ^, thus*. 

The points A^ A^, A^, A^ are consequently given by 

in which equation the coefficients of X* and \9 are in the ratio b' : a'; 
hence, if X^, X^, Xj, X^ are the parameters of the ^-points, 





XjXjXjX^ as -J. 


Now if All is 
a circle, 


the parameter of B^, since the points th ^a» hi K ^i© o^ 


or, 




Therefore, if 


a?i = a+cXi, 


then 


fi = «+c^,^i; 


therefore 


^i^i-h) = xr. 
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ft* 

Similarly ~ (rj^ —k) ^ y^. 

But the point (x^, y^ lies on the ellipse, hence any B-point (£, rj) 
lies on the ellipse «*, ,,, 6« ,.« , 

which satisfies the required conditions. 

Example (iv). To find the equation of a parabola which has 
4-point contact with the hf/fperhola acy— c* = at anypomt. 

Let the equation of the parabola be 

(x + byy+2gx-{-2/y-\'d^0. 

The parameters of the points of intersection of this parabola and 
the hyperbola are given by 

or, c*X* + 25rc\»+(<«+260\« + 2/cX+6«c« = 0. 

If the parabola has 4-point contact at the point A, all the roots of 
this equation are equal, hence 

-2g = 4cA, rf+26c' = 6c*X«, 
-2/=4c\», &* = A«, i.e.6=+A*. 
The equation of the parabola is, accordingly, 

(x+A«y/-4cAa;-4cA«y+4c»A« = 0, 
or, (x-A«y)»-4cAx-4cA»y + 8c«A« = 0. 

The former equation represents a pair of coincident straight lines 
(p. 17, Note (2)), hence one and only one parabola can be drawn having 
4-point contact with the hyperbola at a given point. 

Example (v). The circle of curvature at any point F of the 
rectangular hyperlola xy = e^ touches the tangent to the hyperbola 
at the point Q. If the straight line PQ is a tangent to the 
hyperbola 4a^A; = (^+l)^c', prove that P is one of the points 
where the two curves 

(3 + A:)aJ*-(l + 3^)2/* = 6c*(A:~l), 
{Sk+l)x*^{k+3)y* = 6c*{l-k) 
meet the first hyperbola. 

Let P be the point A, and Q the point /i. 
The chord x+Afty « c (A+fi) 

touches the hyperbola 4 fccy « (fc + 1)* c*. 
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Hence A;(X+/i)« = (A;+l)*X/«, or, /« = A;X, or, ^. 

The tangent at the point k\ ia 

x+J^\^y = 2fcXc. 
Expressing that the square of the perpendicular on this straight 

line from the centre of curvature at -P* jo (3^ + -3) » 5 (" + ^')|> ^^ ®^^^^ 

to the square of the radius of curvature at P, viz. 

it follows that 

[fc»(3X*+X«)-4X*/fc + 8X*+l]« « (1 + A:*X*)(X* + 1)». 

This equation is quartic in A:, and gives the four values of k for 
points ^X on the hyperbola, the tangents at which touch the circle of 
curvature at P. But this circle touches tlie curve in three points at P, 
hence three values of k given by this equation will be equal to 1, 
since the tangent at these three coincident points touch the circle of 
curvature at P. 

The coefficients of k* and A® are in the ratio 8X" + 6X* — 1 :3 + 6X*— X*. 

TT 18 , 8 + 6X*-X» 

«^"^ '•"= 3XH6V-,1 > 

or, the equation for X is 

X»(8A:+l) + 6X*(fc-l)-(fc+3) = 0, 

i. e. the point (eXj -) lies on the curve 

(3fc+l)x*-(A+3)|/* - 6 ,1-*^). 

The second curve follows at once from this by writing - for k 
throughout. 



CHAPTEE VI 
CUBIC CURVES 

§ 44. A cubic curve is represented by an equation of the 
third degree ; the most general equation of the third degree, 
when any point is denoted by the three coordinates a?, y, and «, 
contains ten terms, viz. : x^, y^, «*, a'y, x^z, y^x, y^Zy i^x, 
s?y, xyz with ten corresponding coefficients. 

These ten coefficients are univalent to nine independent 
ratios ; hence, in general, nine conditions (e. g. nine points 
on the curve) determine a cubic. It follows that in general 
through any eight points any number of cubic curves can 
be drawn. The case of a conic section may be compared to 
this ; five points determine a conic section, and through four 
points any number of conies can in general be drawn. 

§ 45. The coordinates of any point on a cubic curve can 
in a large number of cases be expressed in terms of a single 
variable or parameter. The properties of such curves can 
be investigated by simple algebraical processes, analogous to 
those discussed in the last three chapters. The present 
chapter deals mainly with this class of cubic curve ; such 
curves are called Unicursal Cubics. It is proposed first to 
discuss shortly those properties of a cubic which occur in 
a general treatment of them, then to. explain how the 
equations of cubics can be reduced to certain standard forms, 
giviiig illustrative examples of those cubics which most 
frequently occur. In the general discussion, three coordinates, 
connected by a constant relation, will be used, and the 
application to special systems^ such as the Cartesian, will be 
illustrated in the examples 
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Suppose that the coordinates of any point on a cubic 
curve can be determined by the equations 



AW AW AW 

where /i, /j, /j are functions of the single variable A. 

If the variable X is eliminated from these equations, the 
eliminant will be the equation of the corresponding cubic 
curve. 

In Cartesian coordinates the corresponding equations are 

§ 46. The intersections of a straight line and a cubic curve. 
Let the equation of any straight line be 

The equation Af,(\)+Bf, (X) + C/,(X) = 0, 
obtained by substituting the values of the coordinates of 
any point on the curve in terms of the parameter X in the 
equation of the line, gives the values of the parameter X at 
the points in which this straight line meets the cubic. Any 
straight line meets a cubic in three points^ for to find the 
coordinates of these points we have to solve the liAear 
equation of the line and the cubic equation of the curve 
simultaneously ; hence this equation in X must be of the 
third degree, and it is thus clear that the functions f, /g, /, 
are at most of the third degree in the parameter, and one at 
least must be of the third degree. 

The following particular cases in respect to the roots of 
this equation in X may arise : 

1. Since every cubic equation has one real root, every 
straight line meets a cubic in at least one real point ; 
consequently a cubic cannot be a closed curve. 

2. Two of the values of X may be such that on substi- 
tuting their values in the functions /, /s, /s the same values 
of the coordinates xiyiz are obtained. 
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In this case the straight line meets the curve at a point 
wherid two distinct branches meet; such a point is called 
a double point, the two values of \ corresponding to the 
same point on the two different branches of the curve. 

3. If two of the values of X are equal, then 
(a) The straight line is a tangent to the curve at the 
corresponding point, the third value of A corresponds to 
the point in which the tangent meets th« curve, other than 
the point of contact. This value of X must be real, hence 
every tangent to a cubic meets the curve again in a real 
point. 

Or, (h) the line passes through a point on the curve at 
which two branches meet, the value of the parameter A. 
corresponding to each branch of the «urve being the same. 
Such a point is called a cusp. The line meets the curve at 
one other point corresponding to the third value of A given 
by the equation; this value must be real, hence every 
straight line passing through a cusp on the curve meets the 
curve again in a real point. 

Example. To find the points of intersection of the straight 
line 3x—2y-TZ = and the cubic 

X ^ y z 

The parameterB of these points of intersection are given by 
8X»-2(1~A.)«+1=0, 
i.e. 6X»-6XH6X-1 = 0, 

or, (5X-l)(xa-X + l)=0. 

Hence ^^r» '*"*'» ""^^^ where « = ^ — l. 

The last two values of X when substituted in the equations of the 
curve each give x :y:z::l:l :1; hence the line meets the cuive at 
the double point ^^1 : 1 : 1), at which two branches of the curve cross 

each other, and at the point whose parameter is - • 
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4. If all three values of A are equal, then 

(a) The straight line is a tangent to the curve at this 
point, and also cuts the curve at the same point. Such 
a point is called a point of inflexion on the curve. 

If X is the value of the parameter given in this case, 
there are three equations giving the values of the coefficients 
of the equation in terms of A ; . but the coefficients of this 
equation are functions of the coefficients in the equation of 
the given line, Le. of two independent quantities only. 
These coefficients can consequently be eliminated, the 
eliminant being an equation in A ; the values of A given by 
this latter equation will evidently correspond to the points 
of inflexion on the cubic. 

Or, (6) the line is the tangent to the curve at a cusp. 

Example (i). From thai the inflexions at a finite distance 
on the curve given hy the equations 

t-a ' ^ t—a 

correspond to the values of t which satisfy the equation 

and that they Ue on the straight line 

a;(2 + 3a)— y(l+3a)+l = 0. 

Let the equation of any straight line be 

Ax+By+l « 0. 

The parameters of the points of intersection of this straight line 
and the cubic are given by 

or, {A-^B)t^+{A + 2B)t*+{B+l)t-a^0. 

Suppose all the roots of this equation are equal to i. 

Then l + i^=?^; u4 + 2B=-^; and ^+J5=p. 
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Therefore -b ^ ^^ + ^ = 1 - ?^, 

i.e. <»-8a<»-8of-a= 0. 

The points given by this Equation are consequently points of 
inflexion. 

These points of inflexion will lie on a straight line Ax-^By+l =s 0^ 
if the equation giving their parameters is identical with that giving 
the parameters of the points of intersection of this line and the cubic ; 

^ ®- ^^ A+B ^ A+2B ^ 1+B ^ ^ 

1 -8a -3a 

These conditions give 

^+5-1; ^ + 2B=-3a; l+-B=-3a; 

which are simultaneously satisfied by ^ ^^ 2 + 3a, and B = —(1+3 a). 

Example (ii). Find the point of inflexion on the cubic 
(2jK + y-3a)» = (aj + 2/-2a)« (y-4a). 

Any point on this cubic is given by the equations 

2a;+y— 8a _ as+y— 2a _ y— 4a 
1J~ X» " 1 ' 

The equation of any straight line is 

^(2a+y-8a) + B(a;+y-2a) + C(y-4a) « 0, 

and the intersections of this straight line and the cubic are given 
consequently by the equation 

Since the coefficient of \ is zero, it follows that if the roots of this 
equation are A^, Xj, Xj, 

— + — + — s= unless C is zero. 

^1 ^« ^8 

Hence, if all the roots are equal, their value is infinite. 
If the chosen straight line passes through this point (X = oo ), B 
must be zero, and the equation giving the other points of intersection 

becomes -^+-4=0. It follows that in general a straight line through 

this point meets the curve only once at this point (the line y— 4a = 
cuts it in three coincident points), hence this point is a point of inflexion 
on the curve ; its coordinates are given by 2a5+y— 8a = and y— 4a = ; 
hence the point of inflexion is (—^ a, 4 a). 
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If, however, C is zero, the given straight line passes through the point 
X = 0, and the equation giving the other points of intersection 
reduces to J5\» + ^X -= 0, 

consequently a second value of X must also be zero, i. e. every straight 
line through this point meets the curve in two coincident points, the 
parameters of which have the same value ; hence this point is a cusp, 
its coordinates are given by 2a;+y— 8a = and ac+y— 2a — ; i.e. the 
point (a, a) is a cusp. 

§ 47. The singular points on a cubic curve can now be 
defined and distinguished as follows : — 

(i) A point of inflexion is one at which the curve crosses 
the tangent ; the tangent meets the curve in three coincident 
points, but any other straight line through the point meets 
the curve in only one x>oint. 

(ii) Double points are of three kinds : 

(a) A node at which two distinct branches of the curve 
cross ; there are two real tangents to the curve at the point 

(5) A conjugate point, which is a node the tangents at 
which are imaginary. 

(c) A cusp at which two branches of the curve meet and 
have one common tangent. 

The tangenir at a double point meets the curve in three 
coincident points, and any other straight line through- a 
double point meets the curve in two coincident points ; 
this distinguishes a double point from a point of inflexion. 

§ 48. A particular case of the form of. the functions 
fii fi9 fs should be noted. 

If two of these functions /i, /, have a common quadratic 
factor, the intersection of the corresponding lines of reference 
a; =r 0, ^ = is a double point on the curve ; this point is 
a node, conjugate point, or cusp, according as this quadratic 
factor has real, imaginary, or equal linear factors. 

For suppose that the functions / , /, have the common 
quadratic factor a \" + 6 A + c. 
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The parameters of the points of intersection of any straight 
line Ax+By=^0 passing, through the intersection of the 
lines of reference x=0 and y = are given by 

AMX)+Bf,(\) = 0, 

This equation is equivalent to 

{a\^+b\ + e){\-d) = 0, 

hence all such straight lines meet the curve in two points 
corresponding to the values of X given by the equation 

The coordinates of these points are the same^ viz. (0:0:1); 
consequently this is a double point on the curve. 

If the third value of A, viz. d, is equal to either of those 
given by the quadratic equation above, the corresponding 
straight line meets the curve in three coincident points, 
i. e. is a tangent to the curve at the double point. 

Since one tangent corresponds to each root of the quadratic 
equation,, the point is a. node, conjugate point, or cusp, 
according as the roots of this equation are real, imaginary, 
or equaL 

Example (i). To find the nature of the double point on the 
<^^ x" (y-a) = z (y-2aj)«. 

Any point on this curve sobisfies the- equations 

X ^ y z 

(X-l)« ^A-1)>CX+1) ^' 

Any straight line, Ax+By^ 0, 

meets the curve at points whose parameters are given by 

The common quadratic factor (X— 1)' gives two equal roots 1, 1; 
hence the point is a cusp. If the third value of X is also 1, then 
A + 2B ^ 0, consequently the straight line y'-2x - is the tangent 
at this cusp. 
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Example (ii). {x—zf (2— y) = 2ys?. 

The coordinates of any point on this cnrve satisfy the implicit 
equations % y z 

(X»+2)(X+1) "^ X« " X*+2' 

Since the common quadratic factor X' + 2 has imaginary factors, the 
point (0:1:0) is a conjugate point on the corre; the equation of 
the tangente at the point is x*— 2x3 + 32* » 0. 

Example (iii). Show that the point {a, a) is a eonjiigate 
point on the curve a {x'-yf'\- 2y {y—tif = 0, and find the 
equation of the tangents. 

The coordinates of any point on the cmnre satisfy the equations 

X— a _ "y _ y-"<» 
(X» + 2)(X+1) "" X« " ^^f2' 
Hence, since X'+2 is a common quadratic fiicter and has ima^nary 
factors, the point x— a = y— a»Oisa conjugate point on the curve. 
The third point of intersection of any straight line 
^(x-a)+B(y-a)« 
with the curve is given by 

^(X+1) + B = 0, 

and when \ has either of the values ± V— 2, the corresponding line 
is a tangent ; their equations are accordingly 

x-y = +-v/^(y— a), and x— y = — \/--2(y— a), 
or, (x-y)*+2 (y-dj^ « 0. 

§ 49. To find the equation of a chord of any unicursal cubiCy 
and of the tangent at any point. 

Suppose the parameters of the extremities of the chord are 
\ and'Aj, and let Ax'\-By + Cz=zO be the equation of the 
chord. Since the points A^ and A, ^^ o^ ^^ ^^^^^ ^^ follows 
that ^/,(AJ+^/,(A,) + (7/.(A0 = 0, 

and ^/i(A,)+^/,(A,)+(7/3(A,) = 0. 

The ratios A :B:G being found by cross-multiplication, 
the corresponding equation of the chord is 

» {fi iK) /s (^2) -/a (^2) /» {K) } + the y and « terms with 

similar coefficients = 0. 
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Since each of the coefficients in this equation vanishes 
when A^ssXj, (Aj— AJ is a factor of each. If this factor 
is divided out the equation of the chord is obtained. 
If in this equation A^ and A, are each put equal to A, the 
equation becomes that of the tangent at the point A. 
This method applies to all special cases which should be 
worked out for particular problems a priori ; in the examples 
in the later portions of this chapter this working is omitted 
to save repetition. 

Example (i). To find the tangent at any point to the curve 

0^(0:— a) = y". 

The coordinates of an^r point on the eurve satisfy the equations 
» _ y ^ X— o 

If -4»+BV+<?(ac-.a) - 

is the equation of the chord joining the points Aj, A,, then 

^Aa»+BXj,« + C-= 0. 

By cross-multiplication 

A _ B _ C 

\^ - Aj* " Aj« - Aj,» \^ Aa« (Ai - A-.) ' 

A B 

or, 5= «■ • 

' A,+A, -(A/ + AiAa + Aa>; k^^K^ 

The equation of the chord joining the points A^, A, is accordingly 

a(^i+A,)-y(Ai«+A,A,+Aj.») + (a;-a)Ai«A,» = 0. 

'Putting Ai s Aj « A, the equation of the tangent at A becomes 

2x-8yA + (fl;-a)A» « 0, 

or, a5(2+A»)-8yA-aA» « 0. 

Example (ii). Show that, on the curve 

at a 



^^ t^^ht^ + ct-^d' ^'^Y^U^^ct + d' 
{he condition that the tangents at the three points where the 
parameter has the values t^yt^y «, may he concurrent is 

JONES I 
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If Ax-^By+a = 

is the equation of the chord joining the points fi, ^a> 
then Ati+B+t,^+ht,*+cti+d = 0, 

and At.+B+t^^+htJ'+ct^+d = 0. 

By cross-multiplication 

A B 



1 

A B I 

npnpft ^ ___»_^^___^— ^— — ^— ^^— — as ,. ^ _ • 

Putting <i = ^ := < for the tangent, 

A _. B _1 

Hence the equation of the tangent at the point t is 

Conversely this equation gives the parameters of the points of 
contact of tangents from the point (as, y) to the curve. The equation 
can he written 

2y1^-(Sx~hy)t^-'2hxt-cx-dy+a^0. 

If fi, #a, ^ are the parameters of the points of contact, 

8a; h 

bx 
and ^^,+<2*8+«»^ = --> 

hence 3(«i<a+#a<s+<sO + 26(<i + <2+0 + ^' = 0, 

which, heing independent of the coordinates x and y, is the condition 

that the tangents at the points t^ t^, t^ should he concurrent.' 

§ 60. The asymptotes of a cubic. 

An asymptote to any curve is a straight line which 
touches the curve at some point at infinity, which straight 
line does not lie wholly at infinity, e.g. it must cut off 
a finite length from one of the axes of coordinates. 

An asymptote may thus meet a cubic in two or three 
coincident points at infinity; in the former case it meets the 
curve at some finite point ^Iso, in the latter the cubic has 
a singular point at infinity. 
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In Cartesian coordinates the straight line 

Ax + By+1 = 

is an asymptote to the curve, if it meets the curve at 

infinity in two or three coincident points, provided that one of 

the coefficients A and B is finite, and they are not both zero. 

If the coordinates of any point on the curve are given by 

any value of X which makes one or both of the coordinates 
infinite represents a point at infinity on the curve, the 
tangent at this point A is an asymptote if its equation 
satisfies the above conditions. 

Example (i). To find the asymptotes of the curve 
The coordinates of any point on this curve satisfy the equations 

The values of \ which make a coordinate infinite are oo , + -— ri* 

- vs 

The equation of the tangent at any point X is 

4«(l+3X«)-8yX-(3a;+a)(l+X«)«= 0, 
or, a;(l + 6X«-3X*)-8yX-a(l + X3)« = a 

The tangents at the points + --= are accordingly 

3>v/3y = + (3a;-2a), 
wliich ase consequently asymptotes to the curve. 

Neglecting all except the highest powers of X in the equation of the 
tangent, it follows that 8a;4a = 

is the equation of the tangent at the point oo, and is the other 
asymptote. 

Example (ii). To find the asymptotes of the curve 

The coordinates of any point on this curve are given by 
a-&x« a-6X» 



X-1 ' ' X(X-1) 
A coordinate is infinite when X == oo , 0, or 1. 

I 2 
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The equation of the tangent at any point is 

(a;+a)(&X*-2aX + o) + (y+6)(a-26X + 6X«)X*+2X(a-6X)». 
The tangents at the points oo , 0, and 1 are 

y+h — 0; x+a=0; x—y = a—h\ 
which are the equations of the asymptotes. 

§ 51. To find the equations of the cubic in certain standard 
forms. 

The meaning of the various forms of cuhics, which occur 
most frequently in problems, is often better understood 
from more geometrical reasoning. In this article the 
method of expressing the equation of a cubic in its simplest 
forms is explained. One or two preliminary propositions 
are necessary. 

1. A cubic can only have one double point, for if it had 
two the straight line joining them would meet the cubic in 
four points, which is impossible. 

Cubics are accordingly divided into three classes, Nodal 
cubics, Cuspidal cubics, and JTon-singular cubics, according 
as they have one node, one cusp, or no double point. 

2. Any cubic which passes through eight fixed points passes 
also through a ninth fiaced point. 

Let aS' = and 5' = represent two cubics passing through 
the eight fixed points, any other cubic through these points 
is represented by the equation S—kS^= for some value 
of k ; hence any cubic through the eight points pas&es also 
through the ninth point of intersection of *S' = (V and /S"= 0. 

It follows that a cubic is not determined by nine given, 
points, if these points happen to be the intersections of two 
cubics. 

3. Let the straight lines whose equations are f = 0, and 
17 = 0, meet any cubic curve in the points il,, B^, C^, and 
^89 ^2 9 ^2 respectively; and suppose the straight lines 
A^ A^ (a = 0), B^ B^ {fi = 0) meet the curve again in the 
points iij, ^3. 
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If ^=0 is the straight line A^B^^ since ^^^0 and 
oc^Y = are two cubics passing through the eight points 
Ai, 5|, C',, A^j B^y Cj, A^, B^, any other cubic through these 
eight points passes also through the ninth point of inter- 
section of these straight lines, i. e. the lines C^ C^ (y =, 0) and 
A^ B^ (( = 0) meet at a point (7, on the curve. 




It follows at once that the equation of iany cubic can be 
put in the fonn (rii^ kccfiy, 

where f = 0, i| = 0, < = 0, a = 0, /3 = 0, y = are the 
equations of six straight lines. 

Certain particular cases are of importance; the reader 
may deduce several others in a manner similar to the 
following. 

(i) Suppose the two straight lines f = 0, t; s= coalesce. 
Two of the intersections of the lines 0^ /3, and y with the 
curve then coincide. 
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< Henoe the equation 

i-epresents a cubic, the straight lines a, fi, y being tangents 
to the curve at the points of intersection of the line ^ = 




with the curve ; the third points of intersection of these 
tangents and the cubic lying on the straight line C = ^* 

(ii) Suppose all the straight lines f = 0, >? = 0, C = ^ 
coalesce. Then each of the straight lines a = 0, ^ = 0, 
y = meets the curve in three coincident points, and the 
straight line ^ = cuts the curve at one point at each of 
their points of contact ; hence these points are points of 
inflexion. 

Hence the equation 

f » = A; OL^y 
represents a cubic having three points of inflexion; these 
points of inflexion lie on the straight line ^ = 0, and (X = 0, 
P = 0, y = are the inflexional tangents. 
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Note. The equation of the straight line on which the 
points of inflexion lie can be put in the form 

or, by choosing a suitable system of coordinates, 
a + i3+y=0; 

hence the equation 

represents a cubic having three points of inflexion, which 
points lie on the line aj+y + « = 0, and a = 0, y = 0, « = 
are the inflexional tangents. 





(iii) Suppose the straight lines f=0, r? = 0, f=0 coalesce, 
and also the two lines (X = 0, ^ — become one. 

The straight lines (X = 0, y = each meet the curve in 
three coincident points ; these lines are tangents and their 
points of contact lie on the straight line f = ; but this 
straight line meets the curve in two coincident points at the 
first point of contact, and in one at the second, consequently 
the equation cz -.j^Q^^y 

represents a cuspidal cubic, the. straight line 0( = being 
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the tangent at the cusp, y = an inflexiopal tangent^ and 
^ = the join of the cusp and point ot inflexion. 




In particular, the cubic 

has a cusp at infinity, the origin is a point of inflexion at 
which a; = is a tangent* This curve is called a cubical 
parabola. 

The cubic y^ ^ ao^ 

has a point of inflexion at infinity, the origin is a cusp, the 
axis a; = being the cuspidal tangent. This cubic is called 
a semi-cubical parabola. 

(iv) Suppose^ as before, that the lines ^ = 0, y{^% ^^s 
coalesce, and also that the lines a = 0, d = intersect on 
the line f = 0, 

Then again, the three lines tx=0, ^ = 0, y==0 meet 
the cunre in thj»e coincident points^ ia are tangents to the 
curve at singular points ; these points lie on the straight 
line f = 0, and this straight line cuts the cui've At two 
coincident points at the intersection of (X = and ^ = 0, 
and in one p<»nt on y = 0, 
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Hence the equation . f » = jfe oL^y^ 
where the point ex =:= 0, /^ = lies on f = 0, represents 
a nodal cubic, OK = and /3 = are tangents at the node. 




y = is an inflexional tangent, f = is the join of the 
node and point of inflexion. 

Since the lines f , (X, ;3 are concurrent, their equations can 
be put in the forms a? = 0, a+y = 0, x—y = 0. 

Hence the equation 
x^ = «(»*— y') 
represents a nodal cubic, the 
point a:=ryr=0 being the node, 
the straight lines a;* — 3/' = the 
tangents at the node, end the 
point SB = a = being a point 
of inflexion, the tangent at 
which is 2; = 0, 

If the tangents at the node 
are imaginary, i.e. if this point 
is a conjugate point, the equa- 
tion can be written 
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§ 52. Ouspidal cuhics. 

Let the equation of any cuspidal <;ubic be 

where w=0, v = 0, «?=0 are three straight lines. 

The coordinates of any point on this cubic satisfy the 
equations u v w 

hence any point on the cubic may be denoted by the 
parameter A. 

.Since io = X'w, which is satisfied by +X and —A, 
represents a straight line through the intersection of w = 
and w= 0, the chord joining any two points whose 
parameters are + A passes through the point u = to = ; 
such points are called corresponding points on the cubic. 

Note (i). The parameters of the points of intersection 
of any straight line Au+Bv + Cw ^0 and the cubic are 
given by the equation iiA+^+(7A' = 0, 

If the three values of A given by this equation are 
\, Ag, A3, since the coefficient of A^ is zero, 

Ai + Aj + A3 = 0. 

This is consequently the condition that any three points 
on the cubic whose parameters are A^, Aj, A, should be 
collinear. 

In particular, if the straight line is a tangent to the curve, 
two of these values of A are equal. Let the values be 
A, A, A^, hence Ai + 2A = 0. 

It follows that the tangent at the point A meets the curve 
again at the point —2 A. . 

Note (2). The equation of the chord joining any two 
points A^y A3 is 

(\8 + Aj Aa + A,2) w-Aj Aj(A,+Ajj) v^w = 0, 
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Hence the equation of the tangent at the point X is 
3X*w— 2X'v— «y = 0. 

This equation is cubic in the variable A, consequently 
from any point u:v:w three tangents (two of which may 
be imaginary) can be drawn to a cuspidal cubic, the 
parameters of the points of contact being given by this 
equation. The coefficient of A is zero ; if then A^, A^, A, 
are the values of A given by this equation, it follows that 

1 - 1-0 
Aj A, A3 

This equation, being independent of the coordinates Uy v, 
and Wf is the condition that the tangents at the three points 
Aj, Aj, A3 on the cubic should be concurrent. 

Several illustrative examples of cuspidal cubics, in which 
«, V, and to have particular values, are now given. The 
properties of the semi-cubical parabola, when the axes are 
rectangular, are worked out at greater length because the 
equation of the normal can be simply found and some other 
metrical properties examined. 

Example (i). The equation of a semi-cubical parabola is 
x" = afj 
the origin being the cusp, and the axis of x the cwgndal tangent. 

The coordinates of any point on this curve satisfy the 
equations x y a 

A^^A?^T' 
or, the coordinates of any point on the curve are (a A', a A'). 

Note (i). In the case of rectangular axes, if A be the 
parameter of any point, x and y the coordinates of the same 
point, then y = Aa?. 

This evidently is the equation of the straight line joining 
the point A to the origin. Hence the parameter A is the 
tangent of the inclination to the cuspidal tangent of the 
radius vector from the origin to the point. If this 
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inclination is 0^ the coordinates of the 4M>n»8ponding pcant 
can be taken as (a tan' dj a tan' 0). 

NoTB {2). The parameters of the iateniectionfl of any 
straigfat line Ase-^By-i^a^O and the cubic are given by 

Since i^e ooeCBcient of X is zero, the eonditioB tfaalt the 
three points X|, A,, A, should be eollinear is 

1 1 i-0 
Aj A, A, 

The tangent at any point A meets the curve again at the 
point — ^A, 

l^oT£(3). The equation of the chord joining an^ t«^ 
points A^, A, on the curve is 

{Ai« + \ A, + A,«) a?-(A,+A,) y-Aj«A,«o t= 0. 

Note (4). The equation of the tangent at the point A is 
consequently 3 Aaj- 2y- A» a = 0. 

Since the coefficient of A^ is zero, the condition that the 
tangents at the points A^, A,, A, should be concurrent is 
A, + A,+A3 = 0. 

Example. To find the locus of the intersections of t(mgenis 
to a semi-cubieal parabola ichich are at right angles. 

The points of oontadi of tangents from the point (x, y) to the cnrve 
are given by aX»-8x\+2y = 0. 

Let \i, Xti ^s he the three points. The tangents at A^, A, are at 
right angles ; hence 9 X^ X,+ 4 = 0. 

But AjXjXj*-?^; therefore X,* I?. 

a za 

Also 



XiX,+X,(X,+X.) = 


a 


x,x,-x,» = 


_8x 

a 


4 .8V 
9**" 4a» 


3x 
a ' 



therefore 

The required locus is consequently the parabola 
729»**= 108ax-16o». 
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Note (5). The equation of the normal at the point X is 
3\ (y-aA')-l- 2 (oj-oX*) = 0, 
or 2a?+3Ay= 3ak*-\-2a\\ 

This equation is of the fourth degree in A, hence four 
normals can be drawn from any point (a?, y) to a semi- 
cubical parabola. 

If Aj, A,, Agy A^ are the parameters of the feet of these 

normals, it follows that 

2 

2A= and 2AjA, = -. 
«j 

These two conditions are necessary and sufficient in order 
that t^e normals at any four points A^, A^, Ag, A^ should be 
concurrent. 

Cob. : The condition that the normals at any three points 
^i> ^8> ^8 should be concurrent is 

2A»+2A,A,+|«0, 

which is obtained by eliminating A^ from the above two 
conditions. 

Example. To find the coordinates oftJie centre of curvature 
at the point A. 

The centre of ciirrature is the intersection of two consecutive 
normals. 

If the coordinates of this centre of curvature are (x, y), let the feet 
of the normals from this point he X, Ar, A^, A9. 

Hence Ai+X, =:-2X. 

2X(X,+Xa)+X»+XiX,«|. 



XiX,= ?+8X». 



^^^ Ta ^ -^'^i^* = -^'(1 +5^*)» 
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and *^ -xa(Xi + A3) + 2\XiX„ 

a 

hence the centre of curvature is the point 

-^'(2 + 9X^); i|^(3X« + l). 

Note (6), The points of intersection of the cubic and any 

conic 0La?-\-Py'-\-2hxy-^2gx^2fy + c = 

are given by 

/3a2X«4-2/»a«A'^ + aa»X*+2/a\»+25raX«+c = 0, 

Since the coefficient of A is zero, it follows that the 
necessary and (since any five points lie on a conic) sufficient 
condition that six points on the cubic should lie on a conic is 

.1 = 0. 

Cob. : The corresponding equation for the circle 

a^ + t/« + 25raj+2;J/ + c = 

is a2X«+a^A* + 2/aX' + 2^a\' + c = 0, 

Hence, if six points lie on a circle, their parameters satisfy 
three conditions, viz. : 

2A=0, 2A,Aa=l, and 2^ = 0. 

The elimination of Aj, A^ from these conditions gives the 
. one necessary and sufficient condition that four points on 
the cubic should be concyclic. 

Example (i). A circle passing through the ct^ cuts a semi- 
cubical farabda m four points; the sum of the inclinations of 
the radii vectores of these points to the cuspidal tangent is constant 
and equal to oc ; prove that the centre of the circle lies on the line 

y = 0? tanOf, 
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Let the equation of the circle be 

the equation giving the parameters of the four points of intersection is 

oX*+aX*+2/X+2flr»0, 

2/ 
Hence 2X = 0, SAjX, = 1, SX^XaXs = -^ 

2g 
and Xj Xj X3 X4 e= — • 

But tana« 2X-SX,X,X. 



1-5X1 Xj + XiXaXjX/ 

Hence the centre lies on the line 

y B X tan a. 

Example <ii). Find the locus of the intersections of tangents 
to the curve 27 ay^ = 2 (a?— 2a)' 

which are at right angles. 

The coordinates of any point on the curve satisfy the equations 
x-'2a y _ « _ ^ 
"8X^ ""x^- 2"" 8X»+4* 
The equation of the tangent at the point X is 

2X(x-2a)-4y-aX»=*0. (I) 

Let (Xj y) be the point of intersection of the tangents, the points of 
contact of the three tangents from this point to the curve are giv^en 
by equation (I) ; let the parameters be X^, X,, X,, Since two of the 
tangents are at right angles, 

(i) XiXa+4 = 0. 
Further (2) Xj+Xj+Xj = 0. 

(3) XiX,+X3(X,+X,) = -^(^. • 

(4) XjXiXj^-^. 

Hence X. = -• 

Therefore from (3) + 4 + ^ - ^{x-2a) 

The required locus is consequently 

y* + 8a*«2aa;. 
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Example (iii). The tangents to ^e curve a^(ap— a) = y* at 
the points P, Q, R meet at A, and the circle PQR meets the 
curve again at S and at the cusp. Show that A mtist He on 
3x—a = and that S is a fixed point 

The coordinates of any point on the earre are given by 

The equation of the tangent at the point X is 

X»(x-a)-8Ay+2x«0. (I) 

Hence, if ^ is the point (x, y), and Xj, A,, A, are the points P, Qf R, 

Ai+Aj+A, = 0. 
Again, the equation of any circle passing through the cusp (Q, 0) is 

x»+y*+2sfx+2/y = 0. 
The intersections of this circle and the curve are given by 

(o+2flf)A*+2/A»+aA*-2^A-.2/=0. ... •... (H) 
If these intersections are P, Q, Rj 8, and if S is the point fi, then 

Aj + Aa + Ag + zi = AjAjAj^. 
But Ai+Aj + A3 = 0. 

Hence A^A^A, = 1. 

Kow from the equation of the tangent (I) it follows that 

- — - = Aj A, A, « 1. 

a — X 

Therefore the point A lies on the line 
3x— asO. 
Also, from the equation (II), 

(A, + A,+A8)m+XiA,+A,A3+A3Ai = -^, 

and /«(AiAa+A2As+A3Ai)+AiAaA3= -^. 

a+2(7 

Hence S A^ A, « — -- , 
and ;i5AiA2«— I 1*- 



a + 2flr &+2g 

Hence /*=-!, and 8 is the point (| , - |^ which is fixed. 
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Example (iv). Shaw that two conks can he draum to pass 
through the centroid and the angular points of the triangle of 
reference and to touch the curve whose equation in triangular 
coordinates is y" = »'«. 

Show also that the equation of the line joining the points of 
contact of the cubic and'conics is 3y = 2x-^z. 

Let the Equation of the eonic be 

1yz-^imx-\-nxy = 0. 
Since il passes through the centroid, 

Aay point on the cabic is given by 

X y _ « 
1 *" \ T»' 

Hence the cubic meets the conic in points given by 

ZXH*nX*4-« « 0. 

Since 2-l-m+n - 0, 

this reduces to Z (1 - X*) + m (1 - X*) « 0. 

The factor X— 1 corresponds to the centroid which lies on both 
•eurves, the other points of intersection are given by 

U* + (e+w)X + i+m « 0. 
Hence, if these points are coincident, 

(Z+m)««4Z(i + m), 
or, t» « -2 or 8'. 

The two corresponding conies are, since 
l-^m-^n = 0, 
«(y-x) = 0, 
and ys+Zzx—ixy==0, 

The first of these is a pair of lines. 

If the conic touches the cubic at the centroid of the triangle, one 
root of the equation ZX*+(l+tii)X+?+m = 
is 1, 

heliee 8Z+2»i=sO, 

or, I: win « 2 : — S :1. 

Consequently the equation of the second conic touching the cubic is 
2yap-8a»+xy- 0. 

JOMBS K 
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The points of contact are the centroid (A. = 1) and the point X = — 2, 
given hj the equation 

where m » 82. 

The chord joining the points Aj , X, on the cubic is 

a;(Ai+X,)XiX2-(Xi»+AxXa + Aa«)y+2r= 0, 
hence the equation of the line joining the points of contact is 
2a;-8y+«=0. 

Example (v). Prove that the locus of the intersection of a 
tangent to the curve 

ay' = a^ 

with a perpendicular tangent to 

is 27(iB» + y»)(«-y)*=4a(a? + y)».. 

The coordinates of points on these curves respeotivel^r are given hj- 

^^ X 1 x» 

The tangents at the points X, /a to the two curves respectively are 
-8xX«+2yX» + a-= 0, 
2«f«'— 8yAi*+a * 0. 
These are perpendicular if X = — ;i. 

The required locus is consequently that of the intersections of 
2yX»-8xX«+a«0, 
and 2xX« + 8yX«-a « 0, 

for varying values of X. 

Add, then x«|i^j . 

^ 2(x+y)' 

hence the required locus is 

27(x*+|^(x-y)> « 4a(x+y)». 
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Example (vi). Ea:press the equation of the tangent to 
i/^{2a—x) = x^ 
in terms of the inclination of the radius vector to a point to the 
axis of X. 

Show that four normals meet in a point {x, y) such that 

ten(a+^+y+a) = ^. 

The coordinates of any point on the cubic are given by 
X y _ 2a— X _ 2a 

tan«^ *" tan»5 1 aec'o' 

The tangent at the point $ is 

(3tan^+tan'^)a;-2y— 2atan«tf = 0. 
The normal to the cilrye at the point $ is consequently 

2(a;-2atan«dcos*^) + (3tan^+tan*^)(y-2atan»«cos*d) = 0. 
This reduces at once to 

2a;+(3tan^+tan»d)y-2atan*d(2 + tan«d) = 0, 
which may also be written 

2atan*^— ytan'd + 4atan*^— 3ytan«--2« » 0. 

Since this equation is the condition that the normal at any point 
should pass through the point (x, y), it, conversely, gives the feet of 
the normals which can be drawh fi'om the point (x, y) to the curve ; 
it is quartic in tan $, hence four normals can be drawn. 

Let a, ^, 7, d be the values of $ given by this equation, then 

. / .«. ..X Stana— 3Stanatani8tan7 

tan (0+^+7+8) = 

1 — 5 tan a tan 3 + tan a tan i8 tan 7 tan 8 

jr__8y 
^ 2a 2a ^ y 

'^ 1-2-^ ^+** 
a 

§ 53. Nodc^ cubics. 

The equation of a nodal cubic can be put in the form 
{x^ty') z = jf». 

The positive sign corresponds to cubics which have 
a conjugate point; these cubics are referred to as 'acnodal 

K 2 
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cubics.' The negative sign corresponds to cubios which have 
a node with real tangents ; these are referred to as ' crunodal 
cubics.' 

The coordinates of any point on the nodal cubic satisfy 
the equations 

a? _ y _z 
l±A«"X(l±A«)""l' 

For acnodal cubics the conjugate point is ± ^/ ~ 1 ; for 
crunodal cubics the node is ± 1 , the two signs corresponding 
to the two values of A for the same point on different 
branches of the curve. 

The point a? = « = is a point of inflexion on both cubics ; 
this is the point A. = oo . 

Note (i). The straight line joining the point \ on the 
curve to the point of inflexion (0:1:0) is 

This clearly also passes through the point —X ; the points 
+ A are called corresponding points on the curve. 

Note (2). The parameters of the points of intersection of 
the cubic and any straight line 

Ax+By+Cz=rO 
are given by the equation 

A{1±\^)+BX{1±XJ')+C=:0.' 

If Aj, Aj, Aj be the values of A given by this equation, 
since the coefficients of A' and A are numerically equal, 
AiA, + A,A3 + A3A, = ±l.. 
Hence, 

1. This is the necessary and sufficient condition that the 
three poiilts A^, Ag, A3 should be coUinear, 

2. If the straight line be a tangent to the curve, two of 
the values of A are equal ; suppose A, = A3 = A», then 

2AA, + A« = ±1. 
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Hence the tangent at the point A meets the curve again 
at the point i \ 

3. If the straight line meets the curve in three coincident 
points at A, then 3A« = +1 

For the acnodal cubic A = + \^^, which consequently 
give two real points of inflexion other than the point 
(0:1: 0). These two points of inflexion are corresponding 
points, and hence the line joining them passes through the 
third point of inflexion. 

For the cru nodal cubic A = + V— J, which values corre- 
spond to two imaginary points of inflexion. The only real 
point of inflexion on a crunodal cubic is consequently the 

Note (3}. The equation of the chord joining any two 
points Aj, Aj on the cubic is 

Note (4\ The equation of the tangent at the point A is, 
consequently, 

x(l±3A*) + 2Ay-(l±A75j = 0, 
or, «A*±'(2«— 3»)A'±2yA + «— »= 0. 

This equation is quartic in the variable A, hence four 
tangents, real or imaginary, can be drawn from any point 
{xiyiz) to a nodal cubic ; the parameters of the points of 
contact are given by this equation. 

If Aj, A,, Ag, A^ are the points of contact of the four 
tangents from the point {x;y:z) to a nodal cubic, since the 
coefficient of A' is zero, 

2A = (I) 
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3x 



Also ±2AiA,= 2- 



z 



and Aj Xj Xj A^ := 1 ; 

therefore ± 2 A^ A^- 3 A^ A, A3 A^ + 1 = 0. ... (II) 

These relations (I) and (II) are independent of the 
coordinates x, y and z ; and therefore they are the necessaiy 
and sufficient conditions that the tangents at the four points 
^i> ^2> ^3> \ should be concurrent. 

If A^ be eliminated from these two conditions^ the eliminant 
gives the single condition that the tangents at three points 
should be concurrent. 

Example (i\ In the curve known as the Witch o/Agnesi, 
xy^ = (J? (a— jc), ^Qw that the tangent at the point (x, y) meets 
the curve again at the point 

4^, r-«« 2^-^ 

A = 5 — ; I =: or ' —- 

a' 2xy 

The equation of the curve can be written 

The coordinates of any point on the curve satisfy the equations 

X y _ a _ 2x—a 

I* X(1+a2) ~ 1+^" I^^* 

If the tangent at the point X meets the curve at the point A^, then 

1-A^" 



or, 



2A 
Hence, if X is the point (x, y) and X^ the point (X, F), since 

1+^1 -^+-4X5 4^' 



^hAreffiro 


4aX> 4a:2y» 




1+Xi» (1+X»)» a» ' 


and 


r=«S.a.^-^* = a..^— 



2xy 
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Example (ii). Two points on the curve, a{a^ — f^ = x\ 
subtend a right angle at the origin ; find the locus of the inter- 
section of the tangents at these points. 

The coordinates of any point on the curve satisfy the equations 

X y a 

lZXi''x(l-X«)'"l* 

If A, \' are two of the points in question 

The tangents at the points \, — -^ are 

x(l-8X«) + 2Xy-(l-\«)»a-0, (I) 

or, a(V-8X«)-2X»y-(l-X«)«a«0 (II) 

The required locus is obtained by eliminating \ from these equations. 
Subtract (II) from (I), and divide by (1 +X«). It then follows that 

x(l-A«) + 2Xy= 0. 
Hence, substituting in equation (I), 

a:(l-3X^) + 2Ay- i?^ « 0, 

or, X»(8x+ 1^) -2Xy-« « 

But A*x— 2Xy— X « 0. 

Hence 2x+ -^ « 0, 

x* 

or, x» + 2ay»«0, 

which is the equation of the required locus. 

Example (iii). Find the tangents to the curve, a{a?-\- y^) = a?", 
which are inclined at an angle of 6o° to the axis of x, and show 
thai; their points of contact are points of inflexion. 
The coordinates of any point on the curve satisfy the equations 
X y a 



1+A« A(l+X«) 1 
The equation of the tangent at the point A is 

x(l + 3A«)-2Ay-a(l+A>)« - 0. 
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The inclination of this tangent to the axis of x is 

. tan-l±»l*. 
2\ 

Hence the points of contact of the tangents in the equation are 
given by ^_^^^, 



2A 



Vz 



These points are points of inflexion (§ 10, Note a) ; the equations of 
the corresponding tangents are 

Example (iv). A circle passes through the origin and touches 
the curve a;* = y*— j^ ; find the locus of its centre. 

Let the equation of the circle be 

The parameters of its points of intersection with the given cubic are 
obtained by substituting x = 1— A* ;*y « X(l— \*) in this equation. 

Hence X«-f 2/A. + 2flf-l «= 0. 

Since the circle touches the curve, two of the roots of this equation 
are equal. Let the roots be A, X, A^, X^. 



Hence 


^i-f^-= -2 A. 




A«+AiA,-2A(Ai+A,)«0, 


i.e. 


AiA,« 3A«. 


But 


-2/-A«(Ai+A,) + 2AAiA„ 




« 4A% 


or, 


/= -2A», 


and 


25f-l- A»AiAa = 8A*. 


Therefore 


16(2y-l)» = 27A 


The required locus is accordingly 




16(2x-l)' = 27!^. 



Example (v). An harmonic pencU, whose vertex is at the 
node, meets a nodal cubic a(a^^^) = a^ at four points the 
tangents at which are concurrent; prove that the locus of the 
intersections of these tangents is another cubic. 
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The coordinates of any point on the cubic are given by 



1-X> X(l-\«) 1 

The parameters of the points of contact of tangents from the point 
(x, y) to the curve are given by the equation 

aX*+X«(8x-2o)-2Xy+o-x « 0. 

Let Ajy A,y A3, A^ be the points of contact. 

Since the pencil y-AjX^O; y-AjX-O; y-A,x-«0; y-A^x^ 

is harmonic, (A^+A,) (A5+A4) = SA^ A,+2A3A4. 

But Ai+Aj+Aj+A^ = 0. 

Hence Aj Aj + A^ A^ = — -I (A^ + Aj)*i 

8x— 2a 
and 3 (A^ Aj+Aj A^) = S A^ A, « 

Also AiA,(A3+A0+A8A,(Ai+A0 « ^, 

i.e. (Aj+AO (AiAa-AjAO « - ^, 

or, (AiA,-A3A0«« 6«I^. 



o(2a-3x) 
„ /8x — 2a\* . 6ay' 4^ , > * 4 (a— x) 

which reduces to 

(8x-2a)« + 54ay»+36o(x-o)(8x-2a) « 0. 

§ 54. In many other special cases a convenient expression 
for the coordinates of any point on a curve in terms of a single 
parameter can be found. Some more general illustrative 
examples follow ; the reader will find numerous easy appli- 
cations of the methods illustrated in this chapter among the 
exercises at the end of the book. The construction of 
problems is one of the most useful exercises the student can 
undertake, and in the case of unicursal cubic curves there is 
a wide scope for ingenuity. 
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Example (i). The nine points ABGDEFOHI are so 
situated that ABC lie on a straight line, and so do DEF, GHl^ 
ADGy BEH, CFI. Through these nine points a cubic curve is 
drawn which has an asymptote parallel to a straight line which 
meets the six straight lines in Z, M, N^ X, Y, Z and the cubic 
again in Fand another point. Show that 

FL.PM.FN=zFX.PY.FZ^ 

Let the equations of the six straight lines be 

aix + b^y+l = 0, AiX+B^y-^l = 0, 
aix+6ay + l« 0, AaX^B^y+l = 0, 
a^x+h^'y^^l « 0, A^x + B^y-^1 = 0. 

The equation of the cubic is 

(aix + 6iy4-l)(a,x + 6,y+l)(a,x + 65y+l) 

«=p(^iX+Bxy+l)(^,x+Bay+l)(^8aJ + 58y+l)- 

Suppose that the straight line y «» is -an asymptote of this curve, 
since it must meet the curre in two points at infinity, the coefficients 
of x' and x* must be zero in the equation 

(aix + l)(a,x + l)(a,x + l)=i)(^ix-fl)(^,x + l)(^sx + l). 

Hence aia^Oz^PAi Am -^a . 

Let the straight line LMN he y = k, and suppose this line meets the 
cubic in the point (A, k). 

The point i is (-^i^^, fc). 

Hence PL — -^ . Similar expressions give the lengths 

PM, PN, PJT, PY, PZ. 

Since the point (h, k) is on the cubic 

{aih + b^k-^i)(a^h + b^k+l)(a^h+b^k+l) 

_ (^ih + Bj^k-^l){A^h+B^k + l){Ash + B^k+l) 
AiA^A^ 
which is equivalent to the statement 

PL.PM.PN =-PJ^.PT.PZ. 
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Example (ii). The cubic x^+yi+z^ =0 meets the side BC 
of the triangle of reference ABC in D. If the tangent at some 
other point P passes through Z>, show that A P passes through the 
conjugate point of the curve, and that A By AC, AD, AP form 
an haimonic pencil 

The coordinates of any point on the curve satisfy the implicit 
equations x y z 

The cubic cuts the straight line BC (x -« 0) at the point A. « 0, hence 
D is the point and its coordinates are (0 : 1 : — 1). The equation of 
AD is accordingly y+« = 0. The intersections of the cubic and any 
straight line Ax-^By+z^ are given by the equation 
^X«+^B(1-A)'-1 = 0. 
Hence, if the parameters of these points of intersection are ^d A,, X,, 
eince the coefficients of X' and X are ^33 and SB, it follows that 

SX^SX^Xj; 
if then the straight line is a tangent to the curve at the point X and 
meets the curve again at the point X^, 

2X+Xi=:X» + 2XXi. 
Consequently if X^ is the point J), i. e. X^ == 0, P is the point X = 2 ; 
the coordinates of the point P are (8 : — 1 : — 1), and the equation of 
^Plsy-a = 0. 
The equations of the curve can be written 
x—2 _ y-^z _ 2 

r+x» ~ i+(i-x)=' " ■=! * 

But l+X' and 1+(1— X)' have the common quadratic factor 
1— X+X', whose linear factors are imaginary, hence the point 

x—z = y—z = 
is a conjugate point ; this point clearly lies on the straight line AP 
(yz = 0). 

Since the equations of the lines ABy AC, ADy AP are 
2f = 0; y=0; y+a = ; and y— a = 0, 
they form an harmonic pencil. 

Example (iii). A tangent at the point P of the curve 
ar^ + y' = 2 a' meets the curve again in Q; A, By C are the 
points where it meets x* + y^-\-6axy = 2a' ; show that 

PQ" PA"^ PB'^ PC' 
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Let P be the point (a, ^), and PQABC the straight line 

costf Bin0 ' 
Since PQ is the tangent at P, the roots of the equation in r, 

(rco8tf+a)» + (r8intf+/5)»=:2a*, (I) 

are PQ, 0, 0. 

The roots of the equation 

(rcos^+a)' + (r8in^-»-/5)» + 6a(rcoetf+a)(rsintf+^) « 2a» (II) 
are evidently PA, PB, and PC. 

From (I), it follows that 

a*costf+/&*sin^ = 0; 

therefore tan ^ = — tj • 

From equation (II), remembering that a''+/5» « 2o', 
1.11 /3cos0+asintf /5'-a' 

pI"*"pb-^pc" ^ "-ii^r-«o«^- 

^ . S cos'^+sin'^ l + tan'9 

But -— = J- — ^ . ,^ « —- — — - cos 0, 

PQ a cos» $+fi sm* ^ a +/3 tan* e 

— - cos a= — -— cos 0, 



Therefore A = i^ + J_ + 2^. 

pg p^ PB PC 

Example (iv). If two poinds on the hypocycUnd 05*+^*= c^ 
are such that the tangent at F is the normal at Q, find the 
length of PQ. 

The coordinates of any real point on the curve are each numerically 
less than c, hence any point on the curve can be represented by 
(c cos' 0, c sin' 0). 

Let Ax + By + c = be the equation of the chord joining the points 
and <f>. 

Then ^ cos»«+Psin*« + l = 

and A cos'^ + J5 sin'^ + 1 = 0. 

Hence, by cross- multiplication, 

A B 1 

sin' — sin" <p cos' — cos'' ip " sin' <p cos? — sin' cos* <p 
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Divide each denominator by sin — -^ (vide § 49) and pub = <f> in 

2 
the result. It then follows that 

A B 1 



sin $ cos 9 —sin 9 cos 
Hence the equation of the tangent at the point $ is 

« sin tf +y cos ^ = c cos 9 sin 0. 
Hence the equation of the normal at ^ is 

X cos 0— y sin ^ » c cos '2<p. 
If these equations are identical 

sin $ _ cos $ __ sin 2 g 

cos <p — sin ^ 2 cos 2 ^ 

Therefore tan tf =» —cot ^, 

or, tf = ^+,^. 

Hence tan20==-2 and sin*2tf«i. 

Now ^ = (cos» e + sin" 0)* + (cos» « - sin* d/, 

= 2(co9«^+sin*d), 
«2(l-f sin«2tf), 

Hence PQ - — :; . 

Example (v). ^ c;^rd of the cubic a (x^ + y") - x y'^ subtends 
a right angle at the conjugate point ; show that this chord touches 
a fixed parabola. 

The cooi-dinlites of any point on the cubic satisfy the equations 



l + X" X(l + X») A« 
The equation, of the chord joining two points Xj, Xa is 

XiAj(l-.XiXj,)a:-(X, + X,>» + a(l+Xi'')(l+Xaa) = 0. 

If the chord subtends a right angle at the origin 
XiXa= -1. 

The equation of the chord then becomes 

2x + (Xi+X3)y- {4 + (Xi + A2)»} 0=0. 

H-ence it touches the parabola 

l/3 + 8a(a;-2a) = 0. 
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Example (vi> The eiifcJe of curvature (U a point P of the 
curve axy = x^-^'i^ passes through the origin and meets the 
curve again at Q ; show that PQ touches the curve Axy = a\ 

The coordinates of any point on. the cabic satisfy the equations 

a __ y; _ a 
A ~ X* "" l-fX»' 

The equation of any circle through the origin is 

x'+»*+2flrx+2/y « 0.. 

The points of intersection of this circle and the curve are given by 

oX + aX«+2flf(l+X») + 2/X(l+X>) = 0. 

If these points are P(X) and Q{^i) the roots of this equation are 
X, X, X, Xj,. 
Since the coefficient of X' is zero 

8A*+8XXi = 0, 
or,. X+Xi«0. 

Hence, if P is the point X, Q is the point —X, and the equation of 
the chord PQ, x*{c-X»a + y = 0. 

This chord consequently touches the rectangular hyperbola 
iocy = o*. 
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1. Any straight line through a fixed point (h, k) meets the straight 
lines aa^+2hxy-\'bj^^0 at the' points P, Q» A third point R is taken 
on this line so i^at 

(i) OR-^^OP-^+OQ-h 

(a) OR^OP+OQ. 
(3) OR^^OP,OQ. 
Find the locus of R in each case. 

2. Show that the conditions, that the straight lines aa^ -H2 Aocy 4^&j/* = 
should form: an equilateral triangle with x cos a -fy sin a = py are 

a ^ ft _ h 

1—2 cos" a 2sin^a l+co8 2a 

3. The connector of any point B (X, IT) with the origin meets the 
straight line ax+&y+l ~ in Q ; show that 

PQ:OQ^a^+hY+l. 

4. If tan a tan /3 is constant, show that the locus of the intersections 
of the straight lines 

xsec2a--ycosec2a * 1 =^flcsec2/3~i^ooseo23 
is an ellipse. 

6. Find the area of the triangle-formed by the right lines Ix-hmy + 1^0, 
aa;"+ ^Axy+dy* — ; and if the sides of the triangle which meet at the 
origin are equai in length, proye that 

P— m" _ Iny 
a—b n 

• 6. Find the area of the triangle formed by the three points where 
the circle x" + y" « 2(ia;4-2&y is cut by the pair of straight lines 
1x^+2mxy+ny^ = 0. 

7. Any straight line through the origin meets the curve ar'^+y' » a* 
in the points P, Qy and R, Find the locus of the centre of mean 
position of these points. 

8. Find the condition that the three straight lines 

a;cosSa+y— acosa = 0, 
osoosSiS+y— acosiS = 0, 
X cos Zy+y—a cos 7 — 
should be concurrent. 
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9. A straight; line through the origin meets the line ax+by+c = 
at P. Find the locus of a point Q on this straight line such that PQ is 
a constant length. 

10. Find the equation of the inverse of the ellipse x*+2y* « 2 with 
respect to a circle whose centre is the point (1, 0) and whose radius is 
unity. 

U. Find the length of the intercept made on the line y ^ x tan 9+c 
hy the lines ax'+2fcay+b^ = 0. Also when the axes are ohlique. 

12. Prove that the equation 

5(a:" + t/')"(a-x)-20(x«+y')(a*-x') + 16(a»-x') = 
represents the sides of a regular pentagon. 

13. Two lines AP, BP rotate with equal and opposite angular 
velocities ahout fixed points A and P. Find the locus of P. 

14. Find the condition that the three straight lines 

X cos (X'\-y sin a = a cos 3«, 
« cos /3 + y sin i9 = a cos 3/3, 
X cos 7+ J/ sin 7 = a cos 87, 
should he concurrent. 

15. Show that the coordinates of the orthocentre of the triangle 
formed by the straight lines oa!*+2Axy+6v* = and Ix^my =^ 1 are 
given by * = 1 . a4-5 

I ?n " am"-2Ww + W*" 

16. Show that the equation- of the circle whose diameter is the 
intercept made on the line to+wy = 1 by the lines ax*+2Axy+&|f' = 

^' (x*+j/")(am»-2Ww + W') + 2x(A»i-W) + 2y(W-aw)+a4-6 = 0. 

17. Show that the inverse of a conic with respect to any point is 
a quartic What does it become when the conic is a circle ? 

18. If the four straight lines obtained by substituting a, /?, 7, 8 
for in xsin(0+a) « ysin 20+5 are concurrent, the sum of the 
angles o, ^, 7, 5 is (2n4'l)ir. 

10. Find the condition that the three straight lines 

xcosa+ysin*a+aco8 2<x = 0, 

x'cos/34-ysin/3 + acos2j8 = 0, 

X cos 74-y sin 74-a cos 27 «= 0, 
should be concurrent, and find the equation of a fourth line of similar 
form through their point of intersection. 
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20. If the one vertex of an equilateral triangle is fixed and another 
lies on a fixed line, find the locus of the centroid. 

21. Find the locus of the middle point of the intercept made by the 
coordinate axes on a straight line passing through a fixed point. 

22. One of the lines aa^ + hxy + cy^ = coincides With one of the 
lines a'ic* + 6'a^ + cV — ; if <^ be the angle between the other two, 
prove^that (oc'-a'^^cot^^ = aa'(&(/-6'c) + cc'(o6'-a'6). 

23. A series of parallel chords are drawn to a curve of the nth 
degree, and on each chord a point is taken which is the centre of 
mean position of the n points of intersection of the chord and curve. 
Show that the locus of this point is a line, 

24. A* rectangular hyperbola has a given focus and passes through 
a given point. Prove that the loci of its centre and the feet of its 
directrixes are the inverses of rectangular hyperbolas with respect to 
the common focus. 

26. The equation of the bisectors of the straight lines 

ax^ + hi^ + 2Jixy + 2gx-^2fy+c = (where A » 0, §§ 0, 13) 
is given by 

a h h 
1 cos a; 1 

where X = ax-^hy+g, Y= hx + by+f, and « is the angle between the 
coordinate axes. 

26. The coefficients of the general equation of a conic are connected 
by the relation a/^--2/p;t + V = ; prove that one of the asymptotes 
passes through the origin. 

27. Show that the equation of the directrix of the parabola 

ax* + 2fifx + 2/y+c = is 2a/y+ac-sr« = 0. 

28. Through a fixed point P is drawn a chord QQ' of a given conic, 
and on it are taken points jB^, iZj, -Bs such that PEi, PR^, PBz are 
respectively the arithmetic, geometric, and harmonic means between 
PQ and iV. Prove that the loci of B^ and R^ are conies similar to the 
given conic, and that the locus of B^ is a straight line. 

20. Tangents are drawn to the system of conies kx^+y^ = 2aXj 
where k is arbitrary, in such a way that the intercept on each 
between the point of contact and the axis of y is constant. Prove 
that the locus of the middle point of this intercept is a circle con-, 
centric with the circle which belongs to the system of conies. 

JONBS L 
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30. If aa^ + 2hxy'^h^ = c represent an ellipse, prove that the minor 
axis will lie in the first and third quadrants if h and a are of the 
same sign. 

31. Three straight lines through a point meet a conic in the pairs 
of points AA', BB^, CC ; prove that 

area ABC : area A'B^Cf : :0A .OB ,0C: 0A\ OB^ , 0C\ 

32. Prove that in general two parabolas can be drawn through the 
points of intersection of two curves represented by general equations 
of the second degree, and that if the axes of these parabolas are at 
right angles h;h'::a-h: a'-6'. 

33. Investigate the condition that from the point (a, b) on the circle 
a;(z— a)+y(y~&) B it may be possible to draw two chords, each 
bisected by the axis of x, and show that the angle between these is 

tan-V(a-8y) 
36 

34. If the general equation of the second degree represents straight 
lines, the equation of the bisectors of the angle between them is 

{ab-h^ {A(x*-»*)-(o-t)av+2/E-2jfy} 

+ (a+6) {x(sfA-a/)-.y(/^-tfir)}-fc(/»-y>)-(a-6)/j)f = 0. 

35. A point moves so that the sum of the squares of its distances 
from two given sides of an equilateral triangle is constant and equal 
to 2 c'. Show that the locus is an ellipse* and find the position of its 
foci. 

36. Show that tangents to a given parabola which are inclined to' 
each other at an angle of 45^ intersect on a rectangular hyperbola. 

37. Find the locus of the middle points of focal chords of a parabola. 

38. Show that the locus of the point of intersection of equal chords 
of a parabola drawn in given fixed directions is a straight line. 

30. Find the envelope of a circle whose diameter is a chord of the 
parabola i^ = 4ax passing through a fixed point oh the axis of x, and 
show that for one jposition of the point the envelope reduces to a circle 
and a straight line. 

40. The radius of curvature at any point of i parabola is double 
the third proportional to the perpendicular from the focus on the 
tangent and the focal radius vector to the point. 

41. Find the equation of the osculating circle at any point of a 
parabola in terms of the parameter of the point, and show that the 
distance of the. centre of the circle from the directrix is three times 
that of the point. 
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42. Find the locos of the intersection of normals to a parabola 
I which are inclined at 45° to each other. 

43. Show that the envelope of chords of a parabola which subtend 
an angle of 45° at the vertex is the ellipse 

a*+8^-24ax + 16o» « 0. 

44. Circles are described on any two focal chords of a parabola as 
diameters. Show that their common chord passes through the 
vertex. 

46. Prove that the chords which pass through a point (x^, /) 
within a parabola ^ » 4 ox, and are divided by it in the ratio k : l^ 
have for their equation 

4 {y'(y-!0-2a(x-a/)}»«Ar+(y-jO"(y'"-4aaO {k^iy = 0. 

46. PQ, the normal at P to a parabola, cuts the axis at (7, and is 
produced to Q so that GQ ^ \PQ; show that the other normals passing 
through Q intersect at right angles. 

47. P and Q are two points on a parabola the tangenta at which 
meet in T and the normals in N, Prove that the projection of TN on 
the axis is equal to the sum of the distances of P and Q from the 
directrix. 

48. If the normals at the points A, By (7 on a parabola meet on the 
directrix at a point 0, show that the points Of. Cy and the intersections 
of the tangents at A and B are coUinear. 

40. Find the locus of the points of trisection of parallel chords of 
a parabola. 

50. The normals at three points on a parabola meet in a point. 
Show that the centres of curvature at the other extremities of the focal 
chords through the three points are collinear. 

61. A circle of constant radius passes through the ' vertex of a 
parabola ; show that the normals at the three other intersections of 
the circle and parabola meet in a point, and find the locus of this 
point. 

62. Find the lengths of the normals drawn to a parabola from 
a point on the axis distant 8 a from the focus. 

63. Chords of the parabola y* » 4ax pass through the foot of the 
directrix; show that the normals at their extremities meet on the 
parabola ^s»a(x— a). 

64. If the normals at three points P, Q, 22 on the parabola y^—iax = Q 
meet at a point whose abscissa is x, the centroid of the triangle PQB 
is on the axis at a distance } (x— 2 a) from the vertex. 

L 2 
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55. A conic has 4-point contact with the parabola y^ = iax and the 
radius of its director circle is constant and equal to c. Prove that 
the locus of its centre is the curve 

iy^-iax) (jr» + 4ax + 8o») + 16aV = 0. 

56. Show that the length of the normal other than the radius of 
curvature which can be drawn. from the centre of curvature of a point 

where p is the radius of cui-vature. 

57. From a point P three normals are drawn to a parabola, and 
a circle is drawn through the second points in which they meet the 
parabola. Show that if the centre of this circle lies on the axis, the 
locus of P is a parabola. 

58. From the point (h, k) two tangents are drawn to the parabola 
U* ^ iax'f show that the square of the area of the triangle. formed by 
these two tangents and their chord of contact is 



50. The normal at a point of a parabola makes with the axis an 
angle 0, Prove that the normal at its other extremity makes an 
angle 6' with the axis such that 

tan ^'+tan + 2 cot = 0, 

60. Find the locus of the centre of a circle circumscribing the 
triangle formed by the tangents from any point on a line a; = c to 
a parabola and their chord of contact. 

61. Show that the four points (0-26, 1), (2-25, 3), (1-69, -2-6), 
(0 • 49, — 1 . 4), lie on a circle, and find its equation. 

62. A rectangular hyperbola has double contact with a parabola. 
Prove that the distance between the poles of its asymptotes with 
regard to the parabola is equal to the focal chord of the parabola 
parallel to the chord of contact. 

63. The envelope of chords of a parabola the tangents at the ends of 
which include a constant angle is an ellipse. 

64. An ellipse of constant eccentricity e osculates a parabola 
y* « 4oa:. Prove that the locus of its centre is given by the equation 

' (l-e») (jr' + 4ax + 8a»)« = 8a«(2-0' (4ax-|/^). 
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65. From any point T tangents TP, TQ are drawn to a parabola. 
If the circle TPQ meets in the diameter of the parabola through r, 
prove that 0P.8P- OQ, SQ. 

66. A triangle is self-conjugate with respect to a parabola. Prove 
that the perpendiculars to its sides at their points of intersection with 
the axis of the parabola meet in a point. 

67. Find the locus of the centroid of a triangle whose sides touch 
a parabola, the area of whose circumscribing circle is constant and 
whose orthocentre is a fixed pointt 

68. A circle is drawn through the vertex of a parabola, meeting it in 
three other points, and the product of the radii of curvature at the 
four points is Z^ where I is the semi-latus rectum. Show that the 
centre of the circle lies on an ellipse passing through the focus. 

69. Show that the points of intersection of the parabola y* » 4 ax 
with the cubic 

2(4x»-7x»*-3y') + a(20!^ + 3rry-14x^ + 8a«(6a;+7y)-36a»-0 

are such that the normals to the parabola at these points all pass 
through one of two points. 

70. A parabola is drawn touching the sides AB, BC, CD, DA of the 
cyclic quadrilateral ABCD. Show that its directrix passes through 
the intersection of AC and BD, 

71. The tangents at the points Q and R on the parabola y' » 4 ax 
intersect at P ; the perpendicular from P on QR meets the axis in G, 

op pQ 

Prove that the radius of the circle PQR is — -^ — . 

2a 

72. An ellipse is drawn having for principal axes the tangents to 
a parabola from a point on the directrix, and touching the parabola at 
its vertex, Pi<ove that the semi-latus rectum of the parabola is a mean 
proportional to the axes of the ellipse. 

73. PQ is the common chord of a parabola ^ — 4 ax and its osculating 
circle. Show that the locus of the intersection of PQ with the perpen- 
dicular drawn on it from the vertex is the cissoid y" (3 a— x) = x\ 

74. Tlje envelope of the polar of the focus of the parabola y" = 4ax 
with respect to any rectangular hyperbola which has 4-point contact 
with the parabola is ^a = 4a (3x+2a). 

75. Tangents OP, OQ are drawn to the parabola ^ = 4ax from 
a point lying on the straight line x = -^Sa; show that the envelope 
of the circle OPQ is y» (4 a + x) = x (3 a + x) (5 a - x). 
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76. From a point P on a parabola two normals other than the 
normal at P are drawn to the curve ; find the enyelope of the chord 
joining their extremities and the locus of its middle point. 

77. Through a fixed point any straight line is drawn to cut 
a parabola in P, Q. Prove that (i) OP. OQ varies as the length of the 
focal chord parallel to OPQ ; (ii) the locus of the middle point of PQ 
is a parabola with vertex and latus rectum one-half that of the given 

-parabola. 

78. The normals at the extremities of a chord which passes through 
the point (—2a, 0) meet on the curve y* = Aclk, and contain the same 
angle as the lines joining the origin to the points. 

79. If normals are drawn to a parabola from any point on a straight 
line parallel to the axis, show that the triangle formed by joining the 
extremities of the normals circumscribes a fixed parabola. 

80. On any chord LM of a parabola as diameter a circle is described 
cutting the parabola again at the points N and R. If NR, LM meet 
the axis in P and Q show that PQ is of constant length. 

81. A chord of a parabola is drawn in a fixed direction, and on it 
as diameter a circle is described. Prove that the polar of the vertex 
with regard to this circle envelopes a fixed parabola. 

82. Any point P being taken on a parabola a series of points, 
^i>^j» ^S"-» ^r-i»-Pr..., on the parabola is constructed so that the 
normal to Pi passes through C, the centre of curvature at P, the normal 
at Pg passes through Ci, the centre of curvature at P^ and the normal 
at Pr passes through tV— i, the centre of curvature at Pr_i. Prove that, 
as P moves, the envelope of the straight line P^ Pu is a parabola, and 
the envelope of the straight line Cm Cn is the evolute of a parabola, 
m and n being constant. 

83. Show that four of the tangents to the ellipse — , + -5 = 1 also 
touch the ellipse («« + ka^)"' a;* + (6* + k0*)-^ y' = (« + k)-^ whatever 
may be the value of k. 

84. Find the locus of the intersections of tangents to an ellipse 
which meet at a given angle. 



86. Show that the locus of the middle points of chords of an ellipse, 
the tangents at the ends cf which meet on the circle x-'+^^a'} is 

ft ^t\^ "^-^^ 
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86. The circle of curvature of the ellipse -5 + 7? = 1 at P meets the 

ellipse again at Qj and the normals at P and Q meet at G ; QE, GR^ 
being the other normals drawn to the ellipse from 0, show that the 
tangents at Rj Ef intersect on the cunre 

87. The normal at P to an ellipse meets the curve again in Q ; show 
that the locus of the middle point of PQ is 

88. The normals at the points P, Q, i2, S on the ellipse -5 + 75 = 1 

ure concurrent. Prove that two parabolas can be drawn through PQRS 

and the angle between their axes is 2 tan'^ - • 

a 

89. PQf PR are focal chords of an ellipse ; show that the tangents at 
Q, R intersect on the normal at P. 

90. Show that the diameter of the cii*cle which touches the ellipse 
at any point and passes through the extremities of a diameter of the 
ellipse has the constant ratio a'+b* :2a& to the conjugate diameter of 
the point. 

91. If PQ is a focal chord of an ellipse and R is the intersection of 
the tangent at P and the normal at Q, show that QR is bisected by the 
minor axis. 

92. From the foot of the perpendicular let fall from the centre of 
an ellipse on the tangent at a point P, another tangent is drawn to 
touch the ellipse in Q. Show that the eccentric angles of P, Q {0, <p) are 
connected by 6* tan i{0-h<P>) — «' tan 0, and the other extremity of the 
diameter through Q lies on the normal at P. 

93. Points P, Qy one on each of the central conies -« + 75^ = 1, 
1111 or b" 

(-^— n)^'^(^~' "i)y*~ 1» subtend a right angle at the common 

centre. Prove that PQ touches the circle a:*+y* = c*. 

94. The normals at the extremities of two chords of an ellipse are 
concurrent. If one chord becomes a tangent to the given ellipse, the 
other is normal to b-«x«+a-^y* = «•&* (a^-b^)-*. 

95. The normals at the points P, Q, P*, Qf of an ellipse are con- 
current. If PQ passes through a fixed point, find the locus of the 
middle point of P' Q\ 
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96. If the circles of curvature at two points on an ellipse infersect 
on the curve, show that their radical axis is parallel to the chords 
joining the extremities of diameters conjugate to those through the 
given points. 

07. From a fixed point £^ on a central conic chords are drainm 
equally inclined to the axes and cutting the curve again at P and Q, 
Find the locus of the centroid of the triangle PQE. 

98. From any point on the normal at the point whose eccentric 
angle is a, two other normals are drawn to an ellipse. Prove that the 
locus of the point of intersection of the corresponding tangents is 
the hyperhola bx sin a + ay cos a + ary = 0. 

99. If a circle be described on any focal chord of an ellipse as 
diameter, the line joining the other points of intersection of the circle 
and ellipse passes through a fixed point. 

100. If the sum of the angles made by the four normals from (x, y) 
to an ellipse with the axis of x be an odd multiple of a right angle, then 
the locus of (ac, y) is g^_^ ^ a*— b*. 

101. Prove that the cosine of the angle which the tangent at any 
point on an ellipse makes with the line joining the point to a focus 
bears a constant ratio to the cosine of the angle which the tangent 
makes with the axis major. 

102. Show that the tangents of the inclinations to the major axis of 
the four normals that can be drawn from the point (x, y) to the ellipse 

-j + rj = 1 are given by the equation 

103. If (xi, yi) and (x^, y^) are two points on the ellipse - + ?^ = 1 

the tangents at which meet in (a?, y) and the normals in (f, i;), prove 
^^^^ aV = «'a; x, x^; h'rj ^ e'yy.y^. 

104. If the circle of curvature at two points Pand Q meet in L 
and Mf of which L is on the ellipse, prove that LM meets the curve in 
the same point as the diameter which bisects PQ, 

106. P, Qf R are points on an ellipse such that PQ and PR are fecal 

chords ; prove that the equation of QR is -| + tj . +1 = 0, 

fl Or x^ €r 

where P is the point (£, rj), 

106. A chord PQ of a conic passes through a fixed point. If the 
circle on PQ as diameter meets the conic again in P' Q', show that P' <jf 
also passes through a fixed point. 
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107. The normals to an ellipse at P, Q, R meet in a point, and also 
the sum of the eccentric angles at these points is constant Show 
that the locus of their intersections is a straight line. 

108. The circles of curvature at the points £, M^ N on an ellipse 
meet the ellipse at the same point 0, whose eccentric angle is B ; 
find the eccentric angles of L, If, A', and show that the circle LJfN 
passes through 0. 

109. If A and B be the angles subtended at any point on an 

ellipse by two conjugate diameters, then cot*^+cot'JB « ^ • 

HO. If r be the intersection of tangents to an ellipse at the 
extremities of a chord PQ normal at P, prove that the perpendicular 
from T on the diameter through P intercepts on PQ a length PN equal 
to the radius of curvature at P. 

111. Prove that if the circles of curvature at three points P, Q, R on 
an ellipse pass through the same point on the ellipse, the centroid of 
the triangle FQR lies on one of the axes of the ellipse. 

112. Normals are drawn to an ellipse from any point on its evolute. 
Find the locus of the centre of the circle through the three points of 
incidence. 

113. The normal at any point P of an ellipse meets the major axis 
in G; A point Q is taken in the tangent at P so that PQ ^ kPO; show 
that the locus of Q is a concentric ellipse, 

114. Normals are drawn to an ellipse from any point on either of 
the axes ; show that all conies through the feet of these normals pass 
through the extremities of either the major or minor axis. 

115. Find the locus of the middle points of a chord of an ellipse 
which subtends a right angle at the centre. 

116. Prove that the envelope of a chord of an ellipse whose middle 
point lies on a fixed line is a parabola. 

117. Find the radius of curvature at a given point of the hyperbola 
x^—y* = o*. Also find the locus of the intersection of the chord of 
curvature and the diameter parallel to the tangent at a point. 

118. Find the locus of the vertices of an equilateral triangle circum- 
scribed to an ellipse. 

119. From any point on a fixed normal to an ellipse the remaining 
three normals are drawn. Prove that the lines joining the feet of 
these normals touch a fixed parabola, and that the tangents to the 
ellipse at these points form a triangle self-conjugate with respect to 
this parabola. 
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120. A point moves so that the product of the lengths of the 
tangents from it to an ellipse is in a constant ratio to the product of 
its distances from the foci. Show that it lies on a similar ellipse. 

121. PP' is a double ordinate of an ellipse and the normal at P meets 
CP' in Q. Show that the locus of a point which divides PQ in a given 
ratio is an ellipse. 

'122. A system of circles have their centres on a fixed circle of 
radius /, their radii being constant and equal to r. Find the locus 
of points on these circles the tangents at which are in a given 
direction. 

123. If is the centre of curvature at the point P of an ellipse, 
and R be taken on OP so that OP = PR, show that P and R are conjugate 
points with respect to the director circle. 

124. A, Bj C are the vertices of a triangle of maximum area 
inscribed in an ellipse ; P,Qf R the centres of curvature corresponding 
to A, By C. Find the locus of the centroid of the triangle PQR. 

125. Show that the locus of the second point of .intersection of two 
circles described on two conjugate semi-diameters of an ellipse as 
diameters is the inverse of a concentric ellipse with regard to a circle 
whose centre is at the centre of the ellipse. 

126. 8Y is the perpendicular from the focus on a tangent to an 
ellipse at P, and SR is parallel to the tangent at P and meets the 
diameter through T in R, Prove that 8YPR is a rectangle. 

127. Pif Pi, P^y P4 Are four points on an ellipse taken in this order, 
and Pi Ps, Pa P4 are the ends of pairs of conjugate diameters. Show 
that if the anharmonic ratio of the pencil determined at any point of 
the conic by P^ Pj and P, P4 is constant, the envelope of Pj Pj is a similar 
and similarly situated ellipse. 

128. Perpendicular tangents to an ellipse intersect on the director 
circle and their chords of contact touch a coaxal ellipse whose semi- 
axes are third proportionals to the radius of the director circle and the 
semi-axes of the given ellipse. 

129. Perpendiculars SM, HN are drawn to the focal distances 
SPj HP of any point P on an ellipse, and meet the tangent at P in 
M and N, Prove that if the eccentricity of the ellipse is not less than 

— - the minimum value of Plf . PN is 4 6*, but that otherwise it is 
V2 fc»fi-8n-e»W. 



130. Prove that the chord joining the two points on o'—y' ^ 
whose abscissae are a cosh a, a cosh fi is the line 

Of cosh ^ (a+/3)-ysinh^(a+j8) = ocoshi(a-3). 
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AA' are the vertices of x*-»".«= o», and P, g the points whose 
parameters are a +8, a— 8, where 8 is constai^^. Prove that the locus 
of the intersection of AF^ -4'Q is a rectangular hyperbola with parallel 
asymptotes. 

131. The circle of curvature at any point P of the hyperbola 

-- — ^ = 1 meets the curve at Q ; if (asectf, 6tan9) and (a8ec<^, 6tan^) 

be the coordinates of P, Q respectively, find the relation connecting 
B and ^. Determine also the locus of the pole of the chord PQ with 
respect to the hyperbola. 

182. From 0, the centre of curvature at any point on an ellipse, the 
other normals OQ, OB. are drawn to the ellipse ; find the locus of 
the middle jwint of (^B.. 

133. The locus of the extremities of equi- conjugate diameters of 
ellipses whose principal axes lie along the coordinate axes and each 
of which touches the cuive a*+y* « c* at four distinct points is 

134. Show that the normals drawn to the ellipse _ + ^ = 1 from 

any point on the curve (c*— a*x'— 6*y')' = 54o^&*c*x*y", (c* = a'— 6") 
form an harmonic pencil. 

186. If Y is the foot of the perpendicular drawn from the centre of 
a given ellipse upon the tangent to the curve at a point P, find the 
position of P when the intercept FT is equal to the corresponding 
intercept on the tangent at a given point on the ellipse. Find the 
number of solutions. 

136. If a chord of the ellipse -^ + 75 =• 1 touches the hyperbola 
' — — ^ = 1, show that the locus of its middle point is 






6» 



137. The sum of the squares of the tangents from any point on 

x' !/' x^ !/' 

the ellipse -a + p=l»+l to the ellipse — ^ = 1 is proportional 

to the square of the tangent from to the circle 

x» + »» + ?^.(o«+6») = 0. 
p— 1 

When p — 1 show that the sum is constant and equal to the square on 
the radius of the director circle. 
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138. Show that the locus of the intersections of the chords of inter- 
section of the ellipse jnd the osculating circles at the extremities of 

two conjugate semi-diameters is i + ,j ~ 2 / — j' • 

139. If (xj, Vi) (xa, ya)(^s> Vs) are the vertices of a triangle self- 
conjugate with respect to the ellipse -5 + ^ = 1, the area of the 

or or 

triangle is (x, y^-Xay.) (xg Vj^-x^y;) (ysVi-^i Vs) 

140. From any point on the circle x*+y'+2px+o'— ft* = two 

x* v* 
tangents are drawn to the ellipse -^ -}• ^ == 1 ; if they subtend angles 

a and fi at the foci respectively, show that the ratio of the sines of 
these angles is constant. For what value of g is the ratio one of 
equality ? 

141. From either of the points of intersection of the curves 

{c^Wy = 2a«e« (x«-y«) ; and ^' + ^ = 2, 
x* 1/* 

four noimals are drawn to the ellipse -* + ^ = 1 ; show that the 
product of these normals is a* ft*. 

142. A circle is drawn to meet an ellipse at four points. Show that 
the sum of the cotangents of the angles between the curves at these 
points is zero. 

143. From a point T tangents TP, TQ are drawn to an ellipse. If the 
area of SPTQ be constant find the locus of T. 

144. PP^ is a diameter of an ellipse, the centre of curvature at 
P, and M and N the feet of the other normals which can be drawn 
from to the ellipse. Prove that the points P, P', If, iV lie on a circle 
and find the equation of the locus of the centre of this circle. 

146. The normal at P to the rectangular hyperbola xy = c* meets 
the curve at Q, If x, y are the coordinates of Pand £, 17 those of Q, prove 
(!>^ = fjy^ = -c*. 

146. From a point P are drawn two tangents to a rectangular 
hyperbola. The tangents of their inclinations to an asymptote being 
p, g, show that if the ratio of l^pq to (Vp— V9)' is constant, the locus 
of P is another rectangular hyperbola. 

147. Find a point on a given hyperbola such that the straight line 
joining the feet of the perpendiculars from it to two given diameters 
shall be a minimum. 
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148. A parabola has 4-poiiit contact with a rectangular hyperbola. 
Prove that the directrix of the parabola bisects at right angles the 
central radius yector of the hyperbola drawn to the point of contact. 

149. Find the locus of the middle points of chords of a rectangular 
hyperbola of constant length. 

150. The locus of the middle points of all chords of an hyperboLt^ 
which pass through a fixed point, is another hyperbola having the 
same asymptotes. 

151. Equal parabolas are drawn having the asymptotes of a rect- 
angular hyperbola as axis and tangent at the vertex respectively. 
Show that the straight lines joining their intersections with the 
hyperbola are parallel to the axes of the hyperbola. 

152. Find the locus of the intersection of tangents to a rectangular 
hyperbola at the extremities of chords : (i)of constant length, (ii) which 
pass through a fixed point. 

153. The normal and chord of curvature at any point on a rect< 
angular hyperbola make equal angles with the asymptotes. 

154. The chords of curvature at four points on an hyperbola are 
concurrent. Show that the four points are concyclic. 

155. Find the conditions that the chords of curvature at the points 
of intersection of Ax+By =^ C and A^x+B'y « C with an hyperbola 
should be concurrent. 

156. The tangents at the ends of a focal chord of a rectangular 
hyi>erbola intersect at T and the normals at N. Show that TN passes 
through the other focus. 

157. A, B, C are three points on an hyperbola and D is the centroid 
of the triangle ABC. If the ellipse circumscribing ABC and having its 
centre at D has a pair of conjugate diameters parallel to the asymptotes 
of the hyperbola, show that D is on the hyperbola, and that the other 
extremity of the diameter through D is the fourth intersection of the 
ellipse and hyperbola. 

158. Show that the mean distance of the points of contact of the 
four rectangular hyperbolas which can be drawn from any point to 
osculate a parabola, is equal to the distance of the given point, all 
these distances being measured from the axis of the parabola, 

159. The sum of the reciprocals of the distances from either 
asymptote of the points of contact of the four parabolas which can 
be drawn through any given point to have 4-point contact with an 
hyperbola, is four times the reciprocal of the distance of the given, 
point from the same asymptote. 
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160. Two chords AB, CD of a rectangular hyperbola make angles 
$f <l> with the transverse axis. Show that if ^ is tlie angle between 
the axes of the parabolas drawn through ABCD, then 

cos ^ -s sin ($+<fi) sec (tf-*^). 

161. Through a fixed point on a rectangular hyperbola is drawn 
a circle such that the chords joining the three other points of inter- 
section to the fixed point are equally inclined to one another. Show 
that the centre of the circle is the point on the hyperbola diametrically 
opposite to the fixed point. 

162. Triangles are inscribed in oc'+y' «^ 2a(x4-y)) and their sides 
touch the R. H. xy = a*. Prove that their centroids lie on 

8(a;' + y0 = 2a(x+y). 

163. To a rectangular hyperbola with centre C and focus S normals 

are drawn from a point P. Show that if these normals make angles 

Oi, $2t B^f ^4 ^i^l^ 0^6 o^ the asymptotes 

CP* 
Scosec2tf « -—r-. 

164. A rectangular hyperbola passes through the centre of the 

ellipse _ + — = 1, and meets it in four real points. If t^, t^, t^, t^ 

are the tangents of half the eccentric angles of the points of inter- 
section, show that 

166. Prove that the coordinates of the centre of perpendiculars of 
the triangle whose vertices are 

{a+hnf-\ a/<i + b) (a-f-b/ia-^, ana + h) (a + bfif\ a/ij + b) 
may be written (a -h 6 /4-*, an+b), 

where fi"^ « '-o^^'^f^i/hfh* 

and interpret this result geometrically. 

166. The locus of the middle points of all chords of an hyperbola 
which cut off a constant intercept from an asymptote is a straight 
line parallel to the other asymptote. 

167. Prove that if at a poiat on an hyperbola the sum of the 
tangents of the angles which the normal makes with the asymptotes 
is 2, then the vertex of the parabola of closest contact at the point lies 
on a line through the point inclined at an angle tan*"^ 8 to the normal> 
and at a distance from the normal equal to three-eighths of the radius 
of curvature at the point. 
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168. Show that the parabola which has contact of the third order 
at any point on a rectangular hyperbola cuts each asymptote in points 
equidistant from the common tangent. 

169. Tlie tangent at any point P of the cissoid %^ {a—x) == t? cuts the 
curve again at Q, and 22 is a point on PQ such that PR = ^RQ, Show 
that if the straight lines joining R, P, Q to the origin make angles 
^, a, /3 respectively with the axis of a;, then cot 6 ='tan a— cot^. 

170. A nodal cubic intersects in points P, P' two lines which are 
harmonic conjugates to the tangents at the node. Prove that the 
tangents at PP' meet on the curve. 

171. Show that the locus of the intersection of tangents to the 
curve a^ '^ a^ which are at right angles is a parabola. 

172. A straight line meets the cubic a{x^-^^ ^ a^ at P, Q, R. 
Show that the siim of the inclinations of the lines joining P, Q, R to 
the conjugate point to any fixed straight line is constant. 

173. Three tangents are drawn from any point to the cubic 

27a(x-y+ay « 4x\ 

whose inclinations to the ac-axis are o, fi, y. 

Prove that tan a+tan ^+tan 7 -= 3, 

If a+id+7=180°, show that the point of intersection of the 
tangents lies on the straight line y+a = 0. 

174. A variable straight line meets a nodal cubic in three points 
Af B, C, The chord AB subtends a right angle at the node. If the 
tangents at the node are perpendicular, the point C is fixed. 

176. The tangent at any point P to the curve y* (a—vc) = ac* cuts the 
curve again in Q, Show that if p^, P2 are the perpendiculars on the 
asymptotes from P and Q 4p—^ —pr^ — 3 <*~^. 

176. From any point (x, y) three tangents are drawn to a semi- 
cubical parabola ; the circle through their points of contact meets the 
cubic again in three other points. Prove that the tangents at these 
points meet at some point (X, r), where 3x + 3Jf +a = 0. 

177. The sum of the inclinations to the oc^axis of the radii vectores 
from the origin to any six points on the cubic a(a;^ + /) = x* which lie 
on a Qonic is a multiple Of two right angles. 

178. Any three straight lines parallel to the axis of x meet the 
cubic 03? = y^ in six points lying on a conic. 
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179. The tangent at may point A on the cnrre (x+a)'— So'y « 
meeU tlie eanre again at A^,, the tangent at A^ meets the cnrre again 
at A^y and so on. Show that the locus of the intersection of the 
tangents at ^,«, ^«, where m and m are eonatant, is a cnbic with the 
same eospidal point as the giyen cobic. 

180. If any straiglit line through the point (a, a) meets the cnbie 
(x—ay = y* (x— y) in the points A and B^ prove that the tangents at 
A and B meet on the axis of y. 

181. The tangent at any point on the corre (z+y) (x—y)' = a* makes 
an angle with the x-axis, and the radius Tector to the point firom 
the origin an angle ^. Show that 3 cos (0+^) +sin (^~9) » 0. 

182. The normals to the cnrre a(x~y)' » x* at five points are con- 
current. ProTO that the som of the abscissae of these points is -—- • 

183. The tangents at two points (x^, y^) (x,, y,) on the cubic 
a (z— y)* — X* are parallel. Ptoto that Syiy^+XxX, = 0. 

184. Three tangents are drawn to a cuspidal cubic from any point 
and meet the curre again in three other points. Show that the tangents 
at these three points, are concurrent. 

Show also that If the point from which the tangents are drawn lies 
on a fixed line, the intersection of the latter three tangents also lies on 
n fixed line. 

186. The tangent at any point P on the curve ay* = x*^ meets the 
curve again at Q, the tangent at Q meets the curve again at R, and the 
tangent at B cuts PQ in S, Show that the locus of S is 343 ay* «= 100 x'. 

186. The tangent at P to a cuspidal cubic meets the curve again at Q. 
8how that the locus of the point which divides PQ in a fixed ratio is 
a cuspidal cubic. 

' 187. Find the locus of the middle point of the chord of contact of 
tangents from points on the cubical parabola y* = ex* to the hyperbola 
xy ^ ic^j and prove that the hyperbola, the cubical parabola, and the 
locus meet at a point. 

188. A straight line passes through the point (Oj - \ and meets the 

cubic y^ «s ox^ at three points P, Q, R, A fourth point S is taken so 
that Pf Q, Rj 8 are harmonic conjugates. Find the locus of & 

188. Find the locus of the intersections of corresponding points on 
a nodal cubic. 
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100. A straight line cuts the cubic y* = a«* in three points ; the 
lines joining these points to the origin are such that one bisects the 
angle between the other two. Find the envelope of the straight line. 

191. A straight line cuts the e volute of a parabola in three real 
points, from each of which the normal other than the radius of 
curvature is drawn. Show that the centres of curvature at the feet 
of these normals are collinear. 

192. Show that the coordinates of any point on the Witch of Agnesi 
can be represented by (a cos^ 0, a tan 0) and find the tangent at the 
point 0. 

19.3. Any cubic which passes through four pairs of corresponding 
points on a nodal cubic passes also through a point of inflexion on 
the curve. 

194. Tind the locus of a point which moves so that one of the 
tangents from it to the cubic ay^ = 3^ bisects the angle between the 
other two. 

195. The sum of the inclinations to the axis of ac of the tangents 
from a point to the cubic ay* = x^ is constant. Find the locus of the 
point. 

196. Find the condition^ that the tangents at three points on the 
curve («+y) (x— y)* = a' should be concurrent. 

197. The points of contact of tangents from any point on the line 
3x— 2a= to the cubic a(«'— y*) = a^ lie on a circle through the 
origin. Show also that the centre of this circle lies on a fixed straight 
line. 

198. If (xi, yj) (a,, y^) (Xg, yg) are the coordinates of any three 
collinear points on the cubic a^+y^=a^, show that 

(aJi+Xa+a;,) (yi+ya+yg) = {x^Vi-^x^y^-^^x^y^). 

199. Find the locus of the intersections of tangents to the curve 
y' (a— x) = x^ at two points which are such that the sum of the squares 
of the cotangents of the angles made by the radii vectores from the 
origin to them with the axis of x is equal to |. 

200.. A variable circle through the origin cuts the cubic a (x*— y*) « x* 
in four points ; if the sum of the angles which the radii vectores from 
the origin to these points make with the axis of x is constant, find 
the locus of the centre of the circle. 

201. The tangent at any point P on the curve y' (a— x) = x' meets 
the curve again> in Q and the tangent at Q meets the curve again 
in R. If is the -cusp, show that 

cot ROQ - cot POQ « i cot POR. 

JONES M 
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202. The tangent at the point {ix, 4y) to the curve {x+yf (x~y)-sa' 
meets the carve again at the point (7x— 9y, 7y— 9x). 

203. Show that the tangents at the points of intersection of the 

straight line 9x— 8a ^ and the cnrve a^T^—y^^s? are parallel to 

the tangents at the node. Show also that the normals at these points 

16 a 
meet on the axis of x, at a distance -^r=- from the node. 

204. Find the equation giving the other points of intersection of 
the normal at a point P to the curve a (x'— y*) = z" ; if the normal 
meets the curve at infinity, show that P is one of two corresponding 
pointa 

205. Find the area of the triangle formed by the tangents at the 
points of intersection of the line 8x— 2y— 3a= and the cubic 
o (x»-y^ = x». 

206. A circle through the origin cuts the cubic ay* « x" in four 
points P, Q, R, 8. If PQ is the tangent at P to the cubic, prove (i) that 
the tangents at jR and 5 meet on the cubic 82 ay* + (9 x+ a)* (8x+a) = 0, 
and (a) that if a, ^, $ are the inclinations of OR, OS, PQ to the x-axis, 
then tan (a+0) tan $ = 1, 

207. Show that four tangents can be drawn to the curve 
a(x'+y') — x' making a given angle $ with the axis of x, and if the 
radii vectores from the origin to the points of contact make angles 
^1 ^t y» ^ with the axis of x, 

3 tan a tan fi ^ 3 tan y tan S = 1, 
and find the equations of the chords of contact in terms of 0, 

208. Find the asymptotes of the curve (8x— a)» = 27x'y, and the 
coordinates of the finite points of intersection of these asymptotes and 
the curve. 

Find the direction of a straight line through the point (-, o\ such 

that the intercept made on it by the axes is bisected by the curve. 

209. Two radii vectores OP, OQ of the curve ay* ^ t?, at right angles 
to one another, are drawn through the origin. Show that the envelope 
of PQ is a conic ; and that if PQ cuts the curve again in R, and the 
tangent to the curve from R touches the curve in T, then OP, OQ are 
the bisectors of the angles between OT and OJl. 

210. The normals from a point to the cubic ay' ^ x^ make angles 
with the axis of x, whose sum is constant. Find the locus of the 
point. 
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211. Show that the ratio of the radii of carvature at points on the 
curves xy ^ a^ and x* = 3a'y which have the same abscissae varies as 
the square root of the ratio of the ordinates. 

212. P is any point on a cissoid and Q the point where the tangent 
at P meets the curve again. Prove that the pencils determined at the 
cusp by P and Q respectively are homographic 

213. An hyperbola is drawn with its asymptotes parallel to the 
coordinate axes so as to have three-point contact with the curve 
c*y = ar*. Prove that the locus of its centre is the curve 4c*i/+a^ = 0. 

214. From any point on 7A-\-\fi = ai perpendiculars are drawn 
meeting the coordinate axes in U, K, Show that the envelope of the 
parabolas drawn to touch the axes at JET and K is xf +vl = af. 

216. A line dravm from the foot of the ordinate of any point on the 
ellipse a*oi?-\-c^y^ « a* parallel to the normal at the point touches the 
curve a~^x^-\-c~^yi « 1. 

216. Prove that the coordinates of three collinear points on the 
curve a;' + y' — 8 axy^ + c = are connected by the relation 

X' w' 9 4 1 

217. If the ellipse -, + r, = 1 touches the curve xt+yf = ci, then 

c = a + 6. 
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ANSWERS AND HINTS TO SOLUTION 

1, (i) A straight line. 

(a) A conic passing through the origin. 

(3) A conic passing through 0, whose asymptotes are parallel 
to the given straight lines. 

2. The straight lines make angles a + 30^ with the x-axis, hence the 
roots of the equation M^— 2W+a = are tan (a ±80*^. 

4. Equivalent to finding the condition that the product of two of 
the roots of the equation y/H 2 1 ' (x + 1) + 2 ^ (x - 1) — y = should equal 
a given constant. 



6. Area « 



7. x(x-a)»+y(y-i3)««0. 

8. coso+cos/3 + co8 7« 0. 

9. (x« +y«) (ax + by + c)» « d* (ax + &!/)'. 

10. y^ « (x» + y»-4x + 2) (x» + y»-2x + l). 
18. A rectangular hyperbola. 

14. a+/8+7=^. 

16. Let (Ikf mk) be the orthocentre and suppose 

6(y— Xx)(y— /ix) = 6y* + 2ftxy+ax' ; 
then the straight line through the orthocentre perpendicular to 
y— Xx « 0, and the straight lines y—fAX = 0, Ix+my ^ 1 are concurrent, 
hence a simple equation for k. 

16. If (xi, y{) (x,, ya) are the ends of a diameter, the circle is 

(x-xi) (x-xa) + (y-yi) (y-ya) = 0, 



and equations giving x^Xa and x^+Xa, &c., can be at once formed. 

Id. xcos(a+/3+7)-ysin(a + ^+7)+cos2(a+j8+7) = 0. 

20. If the fixed point is (0, 0) and the fixed straight line x « (f , 
then the locus is 6x-2V3y = d (v/J- 1). 
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31. If {h, k) U the fixed point the locus is 

X y 

23. Take the axis of y in the fixed direction, if x » A is one of the 
parallel chords, the point whose locus is required is (h, X-\ the 
values of y being given by the equation 

ay*-{bh + c)i/'*^+ ... = 0. 

Hence 3 - » therefore the locus is nay ^^boB+e. 

n na 

24. Let the focus be (0, 0), and the given point (a, 0), the eccen- 
tricity is ^2. General coordinates of the foot of the directrix are 

(a cos $ H — - ) sin $ ; (a cos + —- ) cos 9. If (as, y) is the corresponding 

point on the inverse of the locus with respect to the origin, 

-^r—n = f« cos d+ -^) sin ^; . ^- = (a cos d+ -^) cos tf. 

Eliminate B\ then 2(ay— fc*) = a(a? — y"), which is a rectangular 
hyperbola. Conversely the locus is the inverse of this R. H. Since 
CS — 1 SX the second part of the question follows. 

25. The bisectors are parallel to 

= 0, and also pass through the point (- , - ) , 
but Cx-a^^hX-hT and Cy-F^aY-hX, 

26. The condition gives A = cC. 

27. Vide Chap. II, § 16. 

29. (x— o)'+y* = (^+a^j where 2c = the intercept. 

30. Question reduces to showing that Q-kz h 2 a) sin 2 ^ is positive. 

31. Let the straight lines be y = 0, y = x tan 9, y » x tan ^, it is 
required to prove that 

33. o' — 8 6" is positive. 

36. a^-j/*-6ax = a'. 

37. y* = 2a (a- a). 



05* «y y* 
b h a 

1 COSOtf 1 
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88. If coir^ e, cot'* d are the giyen directions the locus is 

(x-cy-^-cu^ (c>+l) = {x-dy+aeP) (d»+l). 

89. If (hj a) is the fixed point the envelope is 

when * = a this reduces to (x+o) (x*+y*— Sox) = 0. 

42. 4a(x-8o)(5y*-x*+6aa;-9a«) « (!^+ar'-10ax+21a«)«. 

46. If P is the point X, the ordinate of G is —ak, therefore G is the 
point (aX*+8a, —a A). 

49. 9y*=4a(x+4ycota— 2acot*a). 

61. »»+4(x+2a)«= 16r«. 

62. 2V7«. 

67. Locus is y* = 4a(x— o). 

If A'l) Ms 9 /^ Ai'o ^^^ parameters of the second points, the circle 

condition gives S/« S - ~ 1, and these parameters are connected with 

'* A' +2 
those of the feet of the normals by the relation /x = , where 

aX'+aX(2a— x)— y = 0, P being the point (x, y). 

60. The equation of the circle may be easily obtained by expressing 
that the angle subtended by the chord of contact at (x, y) equals the 
angle between the tangents. The locus is 2a}^ ^ {^—cf (^'a)< 

61. x»+y'+6.36x-1.28y+10.92 = 0. 

63. X* tan* a +y* sec* a = 2 ox (1 + sec* a) - o* tan* a. 

66. Vide Ex. 60. 

67. The orthocentre lies on the directrix, hence if A^, X3, X, are the 
parameters of the points of contact of the sides, the point of inter- 
section of the directrix and one perpendicular of the triangle gives 

SX 4-Xi X, X3 ~ a constant = - • The radius of the circumscribing circle 

is given, hence (1 +Xi*) (1 +Xa*) (1 +Xg*) = constant = - • For the locus 
8x = a5XiXj; 8y=2a5X. 
- Result : 27y'+9x*-6ax-9cy = ka-c^-ia\ 

68. x* + 4y*-8ax4-2a* = 0. 

69. The parameters of the points are given by the equation 

4X"-85X*-21X* + 49X* + 21X-18 = 0, 
whose roots are —1, +1, 3, ^, —2, — f. 

But 1+^-^ « and 8—2-1 = 0, therefore the normals at 1, 1, — f , 
and 8, —2, —1 respectively meet in a point. 
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QR 
71. Radius = — -JL— — . 
2 sin QPR 

74. The equation of the polar of the focus with respect to the R. H. 
having 4-point contact at the point X is divisible by l+X*. 

76. (i) The point (-2a, 0). (ii) y^ = 2a(x+2a). 

80. 4 a. 

81. If X, /i are the parameters of the ends of one chord of the system, 
the circle is 

(x-aX*) (x-a/i«) + (y-2aX) {y-2an) = 0, and X+fc « 2cota. 
Result : (x+4a)^+8acota (xcota+y) = 0. 



84. (x»+y»-a«-b«)nan»a = 4a«6«(-3 + ~-l). 



86. i. e. the locus of the intersection of the polar of (a cos ^, a sin $) 
and the diameter v » x tan $. 

86. If P is the point 0y Q is —3^. 

Hence PQ is -cos^ — ^sin^ — co82^ = 0, 

a 

therefore ER^ is - sec ^ — ? cosec ^ + sec 2 ^ = 0, 

a b 

and locus required is that of the pole of the latter straight line. 

87. Locus is that of the intersection of the normal and the diameter 
conjugate to it. 

88. The parabolas are of the form 

^ + H.-1 = A:f-cos^+?sin^-c) f- sec^ + ?cosece+-)• 
a*b* Va & / \a b cf 

90. The circle is ofthe form 

% + n-1 = ;k(-cos^ + 7sin^-l) f-cosd-|sin«). 
a? \^ Va 6 /Va b I 

01. The condition that the x-coordinate of R should be equal and 
opposite to that of Q is the same as that Qi2 should be a focal chord. 

05. If P Vis -C03d+^8in^-c= 0, 

a b 

then PO is - sec ^+ f cosec ^+ - = 0. 

a b c 

But PQ passes through (x', y^ and the locus is that of the intersection 
of P'^ and the diameter conjugate to it. 



BesuU: (^ + ^) f-' + J^) = -1. 

Va^ &*/Vx yf 
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2ir 

96. The difference of the eccentric angles of the two points is — , 

and the radical axis is perpendicular to the line of centres. 

/Sac \' /3t/ \* 

97. [ cosaj + f-T-— sine) =4cos*a. 

98. The chord of contact of the tangents is 

. sec -^ + - coeec -2- +sec -^ . 0. 



101. The ratio is i 6. 

103. If the points are 0, <l>, obtain the values of (x, y) and (£, 17) by 
cross-multiplication from the equations of the tangents and normals, 
and divide (without previous simplification) the corresponding results. 

106. If one fixed point is (x, j/)f the other is 

107. The eccentric angle of the foot of the fourth normal from the 
point is constant, hence the locus is the normal at this point. 

108. ^^— , — ^^ , ^ , and OX, MN are equally inclined to the 

S 8 «$ 

axis. 

110. Take the equation of the normal 

X— acos^ _ y— 6sin^ _ r 

6 cos d a sin 9 CD* 

Clfi 

and the radius of curvature is • 

ah 

112. If the point on the evolute corresponds to 0y the chord joining 
the feet of two normals from the point is 

^cos^+?sin^-l = 0, 
a 6 ' 

hence the chord joining the feet of the other two is 

- sec tf + ^ cosec tf + 1 = ; 
a 

the other common chord of the ellipse and circle is, consequently, 

X y 

- sec 0— f cosec $ = 0. 

a b 

Result : 4 (a«x» + 6»y»)» « (a«-6^«a«b«x«»>. 
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117. ix'y'iy'^x') = o»(a:>+v»)«. 

lia 4(b»x«+aV~a*b*) = 8(a:»+»»-a«-6»)«. 

(o + 6fc)« (6+a/c)« 
122. A circle whose radius is /. 
124. 16 (a'a^ + ftV) = (a«-6^«. 

127. If P is $, and Q is 0, then (B^<f>) is constant. 

^^- nrm'lb*-(¥b-W')'' ^'""^ Pif-P« » a min. when 
CD* « 2 6' ; this is only possible when a* > 2&^ Again, 
PM'.PN^^ [1 + C08»^ (l-c'co8«^)«i 

which gives -j for a min. when ^ == s » *°? ^^' " ^^^^ *^*^ a » since 
the greatest value of e' (1— c') is i- 

131. 8tan|Cl+tan^tan|l)+tani+tan»| « 0. 

2 V 2 2/ A it 

132. QB. is of the form -sec^ 4-^cosectf— 1 « 0, and the locus is 

a 

that of the intersections of Q22 and the diameter conjugate to it. 

133. If the curves touch they do so at four symmetrical points, say 
( + a cos tf , + 5 sin B\ Also a* cos* tf + 6* sin* ^ = c* has equal roots, 
hence (a*+6*) (5*— c*) =5*; but the ends of equiconjugate diameters 

o 6 . 

are + — =. + — =, &c. 
- V2' " V2 • 

134. The eccentric angles of the feet of the normals from {xy y) to 
the curve are given by {t = tan 6) 

2&V 
Now *3^4(^+0+^<a(<s + = -^' 

and (<i+0 + (^s + 0-^- 
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\fj tot^tl^ja for faaiBKnie pencil. 

But a '«,«,+i^V * «» =^ — ^;^ — = ^^ f"^)* 

Therefore j»(j>^-4ai?6^x»i^,+2a»6'x»f» Ca^x^+ft'f'-p: = 0, 

/^ the point ^2, y^ must lie on the giren loemi 

135. If P U the point #, and a the giren point, the eondition giTes 
tai^^tan'a^ l-e*. 

140. Batio « ^^' 
ae^g 

14a. «?->•- 4* (jry-e«). 

148« Take xeoea+ysinasjf for directrix, (A, k) for f oens. 
Sobftitate x «» «X, y « - in the equation of the parabola. This 
equation has four equal roots, hence eot a as a* and p — i c ooaee a. 

149. («*+l0(aV-O-*ay. 

150. zy-2(te+Ay). 

153. (i) c» (c»-xy) («» + /) = x"y'd*. 

(ii) to-f-Zty -> 2 c' (the polar of the fixed point). 

155. AA' « SB' and OC' + c«(JLB'+^'B) « 0. 

156. Vide Ex. 103. 

157. The ellipse is of the form (^Z^ + ^^"J^ = 1, where D is the 
point (hf k). 

162. Take Xj, X,, X, as the parameters of the points of oontact, then 
«i «■ SA, «9 ■» SAiX,, «, — A^X, A, ; the yertices' of the triangle have 

coordinates — — ^ f ; the condition that this point should lie 

X(»i— X) »i— X 

on the circle gives an equation whose roots are x^, x,, X,, hence, &c. 
168. Use icosee2^'*cot9 + tan0-X>+ --. 
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166. The points lie on the R. H. (as- a) (y-6) = db. Transfer the 
origin of coordinates to the point (a, b). 

179. If A is the point X, ^s» is the point 4 "A. 

183. If X, ft are the parameters of the points of contact, A/a » »|. 

187. a;* = 4cy». 

188. (x«+y«) (2x'-8y'+ay) = x»(5y-a)«. 

189. A straight line. 

190. (a'+y*)(a!'+8y*+2ay) = x'(y+a)». 

196. 27x+4 = 27ycota. 

196. Xi + aCa+^s^yi+Va + Vs* 

197. If the point is (^ , k) the circle is x> + y» + 2 Ay - ^ = 0. 

v 3 ' 8 

198. Let the straight line be y- mx+c. The equation giving the 
x-coordinates of the points of intersection of this line and the curve is 

(»wx+c)'+x» = o'. 
Hence cSx+mSxiXa « 0. 

But since yi « wx^ + c, &c., 2xi(y,+ys) •« 2cSx+2t»2xiXa, &c 

200. If a is the sum of the angles the locus is y— x tan a « 0. 

^^^ 1446a* 
205. ^^^ « 
256 

207. x(2tan*tf+8) + 8ytand= 2a(tan*d+2). 

208. x-y-a = 0, (^, - ^) and x = 0. 46°. 
200. y' — 4x(x— o). 

210. ycota = x+4a. 

213. If (f, rf) is the centre, the hyperbola is" (x— £)(y— ?;) « d*; 
hence (c\— ^) (cA.*— 17) = d* has three equal roots. 

224. The equation of the parabola is 

(x sec' 0+y cosec' $ — 0)^=^ 4 xy sec' $ cosec' 6. 

The point (a cos^ 9, a sin^ 0) is on this parabola and the tangent to the 
parabola at this point is x sec^ +y cosec^ = a, which is also a tangent 
at the same point to the curve x?^+yf — ah 
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Rasselas ; Lives of Dryden and Pope, By Alfred Milnes, 

M.A. 45. 6d. 

- Lives of Dryden and Pope only. Stiff covers, as. 6d. 

Life of Milton. By C. H. Firth, M.A. is.6d, ; cloth, 2s. 6d. 

Vanity of Human Wishes. By E. J. Payne, M.A. Paper 

covers, 4^. 

GRAY. Selected Poems. By Edm. Gosse, M.A. Parchment, 3s. 

The same, together with Supplementary Notes for 

Schools, by Foster Watson, M.A. Stiff covers, i*. 6d. 

Elegy and Ode on Eton College. Paper covers, 2d, 
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GOLDSMITH. Selected Poems. By Austin Dobson. 35. td. 

In Parchmeat, 4«. 6d. 

The Traveller. By G. B. Hill, D.CL. Stiflf covers, is. 

- The Deserted Village. Paper covers, 2^. 

COWPER. The Didactic Poems of 1782, with Selections from 

the Minor Pieces, a.d. 1779-1783. By H. T. Griffith* B.A. 3J. 

The Task, with Tirocinium, and Selections from the 

Minor Poems, A.D. 1784-1799. By the Same. 3«. 

BURKE. Thoughts on the Present Discontents; the two 

Speeches on Amenca. By B. J. Payne, M.A. 4«. 6d, 

Reflections on the French Revolution. 5s. 

Four Letters on the Proposals for Peace with the Regicide 

Directory of France. $$• 

BURNS. Selected Poems. By J. Logie Robertson, M.A. 

Crown 8vo, 6f. 

KEATS. The Odes of Keats. With Notes, Illustrations, 

Analyses, and a Memoir, by Arthur C Downbr, M.A. 31. 6d. net, 

Hyperion, Book I. By W. T. Arnold, B.A. 4^/. 

BYRON. Childe Harold. By H. F. Tozer, MA. zs.6d. 
SHELLEY. Adonais. By W. M. Rossetti. Crown 8vo, 55^ 

SCOTT. Lady of the Lake. By W. Minto, M.A. 3s. W. 

Lay of the Last Minstrel. By the Same. 15. 6d. 

Lay of the Last Minstrel. Introduction and Canto I. 6d. 

Lord of the Isles. By Thomas Bayne. 25. ; cloth, 2s. 6d, 

Marmion. By the Same. 3s. 6d. 

Ivanhoe. By C. E. Theodosius, M.A. as. 

The Talisman. By H. B. George, M JV. Stiff covers, 2s. 

CAMPBELL. Gertrude of Wyoming. By H. Macaulay 

FiTzGlBBON, M^ Second Edition. Stiff covers, is. 

WORDSWORTH. The White Doe of Rylstone. By William 

Knight, LL.D. m. 6d. 
COUCH. The Oxford Book of English Verse. i250-i9oa 

Chosen and Edited br A. T. Quillbr-Couch. Crown 8vo, cloth, gilt top, 7s.6d.; 
Pcapk 8vo, on Ozfora India nper, cloth extra, gilt top, lof. 6d, 
Also in Ucuhsr bindings, 

TYPICAL SELECTIONS from the best English Writers. 

Second Edition. In Two Volnmes. ^, 6d, each. 

GEORGE and HADOW. Poems of English Country Life. 

Selected and Edited, with Introduction and Notes, by H. B. George, M.A., and 
W. H. Hadow, M.A. Crown 8vo, 2*. 



Clarendon Press Series, 



GEOGRAPHY, HISTORY, 4c. 
BARNARD. Companion to English History (Middle Ages). 

By F. P. Barnard, M.A. With ninety-seven Illastrationa^ Crown 8vo, 8j. 6d. net. 

A SCHOOL HISTORY OF ENGLAND, down to the death 

of Qacen Victoria. With Maps^ Plans and Bibliographies By ▼arioos writers. 
Crown 8vo, ^s. 6d. 

GEORGE. Relations of Geography and History. By H. B. 

Gbokgb, 1I.A. With Two Maps. Crown 8to, 4s. 6d. 

GRESWELL. History of the Dominion of Canada. By W. 
Parr Grbswbll, M.A. 189a Crown 8vo, 7^. 6d. 

Geography of the Dominion of Canada and Newfound- 
land. 1S91. 6s. 

Geography of Africa South of the Zambesi. 1892. 7s. 6e/. 

HUGHES (Alfred). Geography for Schools. Part I, Practical 

Geojrraphy. With Diagrams, as. 6d. 

LUCAS. Historical Geography of the British Colonies. By 

C. P. Lucas, B.A-, C.B. Crown 8vo. 

Introduction. Revised by H. E. Egerton. [/« the Press. 

Vol. I. The Mediterranean and Eastern Colonies (exdosive <^ India). W ith 

BlevenMaps. 1888. $s. 
Vol. II. The West Indian Colonies. With Twelve Maps. 1890. js. 6d. 
Vol. III. West Africa. Second Edition, Revised to the end of 1899 ^y H. E. 

Egbrtom. With Five Maps. 7^. 6d. 
Vol. IV. South and East Africa. Historical and Geographical. With Eleven 
Maps. 1898. i)s.6d. 
Part I. Historical. 6s. 6d. P&rt IL Geographical. 3^. 6d. 

Also Vol. IV, Part I. Separate Issue, with numerous Maps. 5^ . 
The History of South Africa to the Jameson Raid. 
VoLV. Canada. Part I (New France). With Maps. 6s. 

MATHEMATICS & PHYSICAL SCIENCE. 
ALDIS. A Text Book of Algebra (with Answers to the 

Examples). By W. Stbadman Aldis, M. A. Crown 8vo, 7^. 6d. 

EMTAGE. An Introduction to the Mathematical Theory of 

Electricity and Magnetism. By W. T. A. Emtagk, M. A. and Ed Cr. 8vo, is. 6d. 

FINN. The'Junior' Euclid. By S. W. Finn, M. A. Crown 8vo. 

Books I and II, is. 6d. Books III and IV, %s. 

FISHER. Class-Book of Chemistry. By W. W. Fisher, M.A., 

F.C.S. Fourth Edition. Crown 8vo, 4*. 6d. 

FOCK. An Introduction to Chemical Crystallography. By 

Andreas Fock, Ph.D. Translated and Edited by W. J. Pops. Crown 8vo, 55. 

HAMILTON and BALL. Book-keeping. By Sir R. G. C. 

Hamilton, K.C.B., and John Ball. New and Enlai^g^ed Edition. 2s. 

Ruled Exercise Books, 15. td. 

(Preliminary Course only), 4^. 

H ARCOURT and M ADAN. Exercises in Practical Chemistry. 

By A. G. Vernon Harcourt. M.A., and H. G. Madan, MA. Fifth Edition. 
Revised by H. G. Madan, M.A. Crown 8vo, loy. 6d. 



Mathematics and Physical Science. 7 

HARGREAVES. Arithmetic. By R. Hargreaves, M.A. 

Crown 8vo, 4^. 6d. 

HENSLEY, L. Figures made Easy : a first Arithmetic Book. 

Crown 8vo, 6d. Answers, is. 

The Scholar's Arithmetic. Cr. 8vo', 2s. 6d. Answers, 15. 6a. 

The Scholar's Algebra. An Introductory work on 

Algebra. Crown 8to, m. 6d, 

JOHNSTON. An ElementaryTreatise on Analytical Geometry. 

By W. J. JOHHSTOH, M.A. Crown 8to, tt, 

M INCH IN. Geometry for Beginners. An easy Introduction 

to Geometry for Young Ceamers. By G. M. Mihchim, M.A., P.R.S. is. 6d. 

NIXON. Euclid Revised. Containing the essentials of the 

Elements of Plane Geometry as giyen by Euclid in his First Six Becks. By 
R. C. J. NIXOH, M^ Third Edition. Crown 8vo, 6s, 
Book I, IS. Books I, II, \s. 6d. Books I-IV, 3J. Books V, VI, 3«. 6d. 

Geometrical Exercises from Nixon's * Euclid Revised,* 

with Solutions by A. Larmor, M.A. Crown 8iro, ^s. 6d, 

Geometry in Space. Containing parts of Euclid's Eleventh 

and Twelfth dkx>ks. By the Same. Crown 8vo, 3^. 6d. 

— Elementary Plane Trigonometry ; that is, Plane Trigono- 

metiy without Imaginaries. By the Same. Crown 8vo, js. 6d. 

RUSSELL. An Elementary Treatise on Pure Geometry. By 

J. Wbllbslbt Russell, M.A. Crown 8vo, los. 6d. 

SELBY. Elementary Mechanics of Solids and Fluids. By 

A. L. Sblbt, M.A. Crown 8vo, 7s. 6tL 

WARREN. Experimental and Theoretical Course of . Geo- 
metry. By A. T. WARKBN, M.A. Crown 8vo. With or without Answers, a*. 

WILLIAMSON. Chemistry for Students. By A. W. Wil- 

LIAUSOR, MwA., Phil. Doc., P.R.& %s. 6d, 

WOOLLCOMBE. Practical Work in General Physics. By 

W. G. WoOLLCOMBB, M.A., B.Sc Crown 8vo, as, each part. 
Slrt li. uSa^ Physica j Second Edition Revised. 
Part III. Lig^ht and Sound. 
Part IV. Mag:netism and Electricity. 

MISCELLANEOUS. 

BALFOUR. The Educational Systems of Great Britain and 

Ireland. By GRAHAM Balfour, M.A. Second Edition, revised. 8vo, 7* 6dL »//. 

BUCKMASTER. Elementary Architecture for Schools, Art 

Students, and General Readers. 1^ Martin A. BucuiASTBR. With thirty- 
eight full-page Illustrations. Crown 8vo, 4«. 6d, 

COOKSON. Essays on Secondary Education. By Various 

Contributors. Edited by Christophrr Cookson, M.A. Crown 8vo, paper 
boards, 44*. 6dL 

FARMER. Hymns and Chorales for Schools and Colleges. 

Edited by John Parmbr, late Organist of Balliol College, Oxford. 5^. 
Hymns without the Tunes, as. 
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FOWLER. The Elements of Deductive and Inductive Logic. 

By T. POWLBB, D.D. j*,6d. 

The Elements of Deductive Logic, designed mainly for the 

use of Jonior Stadenta in the Universities. With a Collection of Bzamples. 
.V.6rf. 

The Elements of Inductive Logic, designed mainly for the 

use of Stadenta in the Universities. Sixth Edition. &. 

HULLAH, J. The Cultivation of the Speaking Voice, as. td. 
SOMERVELL. Chart of the Rules of Harmony. By A. 

SOMBRVBLL. Crown 4tOf on a card. \s. net. 

Chart of the Rules of Counterpoint. Crown 4to, on a card. 

lS.fUt. 

TROUTBECK and DALE. A Music Primer for Schools. 

By J. Troutbbck, D.D., and R. P. Dalb, M.A., B.Miaa. Crown 8vo, i«. td, 

UPCOTT. An Introduction to Greek Sculpture. By L. E. 

Ufcott, ILA. Second Edition. Crown 8vo, 4^. td. 

HELPS TO THE STUDY OF THE BIBLE, taken from 

the Oxford Bible for Teachers. New, Enlaived and Illnstrated Edition. Fearl 
i6ma stiff covers, t#. fut. Large Paper Edition, Long Primer Svo, cloth 

HELPS TO THE STUDY OF THE BOOK OF COMMON 

PRAYER. Being a Companion to Charch Worship. By W. R. W. Stbphbms, 
D.D., late Dean of Winchester. Crown 8vo, v. 6a. neL 

THE PARALLEL PSALTER, being the Prayer-Book Ver- 
sion of the Psakns, and a new Version arranged on opposite pages. With an 
Introduction and Glossaries by the Rev. S. R. DSIVBR, D.D., Litt.D. 6tf. 

OLD TESTAMENT HISTORY FOR SCHOOLS. ByT.H. 

Stokob, D.D. 2», 6(L each Part. 

Part I. Prom the Creation to the Settlement in Palestine. Second Edition. 

Part II. Prom the Settlement to the Disruption of the Kingdom. 

Part III. Prom the Dismption to the Return from Captivity. (Completion.) 

MANUAL OF THE FOUR GOSPELS. By T. H. Stokoe, 

D.D. Crown 8va Part I. The Gospel Narrative, m. Part II. The Gospel 
Teaching. 2s. Or, combined, 5J. 6d, 

LIFE AND LETTERS OF ST. PAUL. By T. H. Stokoe, 

D.D. Crown 8vo. Part I. The Life. ar. Part II. The Letters, aj. Or, 
combined, 3.^. 6d. 

FIRST DAYS AND EARLY LETTERS OF THE CHURCH. 

By T. H. Stokob, D.D. Crown 8vo. Part I. First Days of the Church, is. 6d. 
Part II. Early Letters of the Church. 2S. Or, combined, 3^. 

GRADUATED LESSONS ON THE OLD TESTAMENT. 

By U. Z. RuLB. Edited by Ll. T. M. Bbbb, M.A. In three Volumes. Extra 
fcap. 8vo, with Maps. Each is. 6d. paper boards, is. qd, in cloth. 

NOTES ON THE GOSPEL OF ST. LUKE, FOR JUNIOR 

CLASSES. By Miss E. J. MooRB Smith. Stiff covers, M.6dL 
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«^ MODERN LANGUAGES. 

•^ [Ali books art in extra foolscap octavo, bound in cloth, and are edited 

with Introduction, Notes, tfc, unleSs otherwise described,'] 

FRENCH. 

Is. BRACKET. Etymological Dictionary of the French Lane 

with a Preface on the Principles of French Etymolocy. Translated into] 
by G. W. KiTCHiN, D.D. Third Edition. Crown 8vo, js. 6d. 

Historical Grammar of the French Language. Translated 

into Eng^Iish by the Same. ^s. 6d. 

BRACHET and TOYNBEE. A Historical Grammar of the 

French Language. From the French of Augusts Brachbt. Re-written and 
Enlarged by Paget Totnbbb, M.A. Crown 8vo, js. 6d. 

BRITTAIN. Historical Primer of French Phonetics and 

Inflection. By Margaret S. Brittain, M.A. With Introductory Note by 
Paget Toynbbb, M.A. as. 6d. 

DELBOS. John Bull in France ; or, French as it is Spoken. 

By Leon Delbos, M.A. Fcap. 8vo, cloth, 2S. ; on India Paper, 2s. 6d. 

KASTNER. History of French Versification. By L. E. Kastner, 

M .A. Crown 8vo, $5. 6d. net. 

SAINTSBURY. Primer of French Literature. By George 

Saintsburt, M.A. Fourth Edition, Revised, ax. 

Short History of French Literature. Sixth Edition, 

Revised. Crown 8vo, \os.(>d. 

Specimens of French Literature, from Villon to Hugo. 

Crown 8vo, 9^ . 

TOYNBEE. Specimens of Old French (ix-xv centuries). With 

Introduction, Notes, and Glossary. By Paget Toynbee, M.A. Crown 8vo, i6j. 

WALL. A Concise French Grammar, including Phonology, 

Accidence, and Sjmtax, with Historical Notes. For Use in Upper and Miodle 
Forms. By Arthur H. Wall, M.A. Crown 8vo, 4^. dd. 

A French Primer, consisting of Accidence and Syntax. 

For use in Middle and Lower Forms. Extra fcap. 8vo, a«. 

BEAUMARCHAIS. Le Barbierde Seville. By Austin Dobson. 

2S.6d, 

BONNIER. La Lignee des Poetes Fran^ais au XIX« Si^cle, 

Ear Charles Bonnier. Demy lamo, on hand-made paper in various cloth 
indings, 3^. net. 

CORNEILLE. Horace. By George Saintsbury, M.A. 2s.6rf. 

Cinna. By Gustave Masson, B.A. is. (yd. ; cloth, 25. 

GAUTIER (Th^ophile). • Scenes of Travel. Selected and 

Edited by G. Saintsburt, M.A. 2s. 
MASSON. Louis XIV and his Contemporaries ; as described 

in Extracts from the best Memoirs of the Seventeenth Century. By GUSTAVB 
Masson, B.A. us. 6d. 

MOLlfeRE. Les Pr^cieuses Ridicules. ByA.LANG,M.A. is.6r/. 



lo Clarendon Press Series. 



MOLlfeRE. Les Femmes Savantes. By Gustave Masson, 

B.A. Stiff covers, is. 6d.\ cloth« &r. 

Le Misanthrope. By H.W.GeggMarkheim, M.A. 35. 6i/. 

Les Facheux. By Emil J. Trechmann, M.A. as. 

Les (Euvres Completes de Moli^re. Crown 8vo, cloth, 5s. 

Also, an India Paper Edition, cloth extra, gs. 6d. ; 
Miniature Edition, 4 vols., in case, 14^. 

Les Fourberies de Scapin. With Voltaire's Life of Mo- 

Hire. By GuSTAVB MikssoN, B.A. Stiff covers, is. 6d. 

MUSSET. On ne badine pas avec P Amour, and Fantasio. By 
Walter Hbrribs Pollock. 2s. 



NOVELETTES. By Gustave Masson, B.A. Third Edition. 

as. 6d. 

Xavibr db Maistrb. Voyage autour de ma Chambre. Madamb db Dura& 
Ourika. Erckmann-Chatrian. Le Vieux Tailleur. Alfrbd db Vigny. 
La Veill6e de Vincennes. Edmomd About. Les Jumeaux de T Hotel 
Comeille. RODOLPHB Topffbr. M^saventnres d*an holier. 

Voyage autour de ma Chambre, separately, limp, 15. 6d. 



QUINET. Lettres k sa M^re. By G. Saintsbury, M.A. 25. 
RACINE. Esther. By G. Saintsbury, M.A. 25. 
REGNARD. Lejoueur. ) By Gustave Mas- 

BRUEYS and PALAPRAT. Le Grondeur. J son, b.a. 2s.6d. 

SAINTE-BEUVE. Selections from the Causeries du Lundi. 
By G. Saintsbury, M.A. 2s. . 

SEVIGNfi. Selections from the Correspondence of Madame 

de S^vign^ and her chief Contemporaries. By Gust AVE Masson, B.A. $s. 

VOLTAIRE. M6rope. By G. Saintsbury, M.A. as. 

ITALIAN AND SPANISH. 
PRIMER OF ITALIAN LITERATURE. By F. J. Snell, 

B.A. 3s.6d. 

DANTE. Tutte le Opere di Dante Alighieri, nuovamente 

rivednte nel testo dal Dr. E. Moore : Con Indice dei Nomi Propri e delle Cose 
Notabili, compilato da Pagbt Tovnbbb, M.A. Crown 8vo, 7s. 6d. 

Also, an India Paper Edition, cloth extra, 95. 6d. ; and 

Miniature Edition, 3 vols., in case, los. 6d. 

La Divina Commedia. Crown 8vo. Text, by E. Moore, 

D.D. 6s. Commentary, by H. P. TozBR, M.A. Ss. 6d. 
Or, separately — 

Inferno. Text, 2s. net. Commentary, 3J. net. 
Purgatorio. Text, 2s. net. Commentary, 3J. net. 
Paradiso. Text, 2s. net. Commentary, 3^. net. 

Selections from the Inferno. By H. B. Cotterill, B.A. 

TASSO. La Gerusalemme Liberata. Cantos i, ii. By the 

Same. 2s. 6d. 

CERVANTES. The Adventure of the Wooden Horse, and 

Sancho Panza's Governorship. By Clovis B6vbnot, M.A. 2s. 6d. 



Modem Languages. ii 

GERMAN, &o. 

* On applicetiion to the Secretary^ Clarendon Press^ Oxford. 

BUCHHEIM. Modern German Reader. A Graduated Col- 
lection of Extracts in Froae and Poetry from Modern German Writers. By 
C. A. BuCHHBiM, Phil. Doc. 2j. (id, each. 
Part I. With English Notes, a Grammatical Appendix, and a complete Vocabu- 
lary. Seventh Edition. 
Part II. With English Notes and an Index. 

German Poetry for Beginners. With Notes and Vocabu- 
lary. By Emma S. Buchhbim. aj. 

Short German Plays, for Reading and Acting. With 

Notes and Vocabulaiy. By the Same. 3*. 

Elementary German Prose Composition. By the Same. 

Second Edition. Stiff covers, \s. 6d. ; cloth, as. 

EHRKE. Passages for Unprepared Translation from Ger- 
man. 5^. 

Helps to German Prose Composition. 35. 

* Key to the above, 55. net 

KINDERFREUDEN. A Simple German Reading Book. 

With Illustrations. Extra fcap. 8vo. is. 6d. 

LANGE. The Germans at Home ; a Practical Introduction to 

German Conversation, with an Appendix containing the Essentials of German 
Grammar. By Hermann Langb. Third Edition. 8vo. 2s. 6d. 

The German Manual; a German Grammar, a Reading 

Book, and a Handbook of German Conversation, js. 6d. 

A Grammar of the German Language, being a reprint of 

the Grammar contained in The German Manual. 8vo, ^s. 6d. 

German Composition ; a Theoretical and Practical Guide 

to the Art of Translating English Prose into German. Third Edition. 8vo, 
4s. 6d. 

* Key to the above, 5s. net 

German Spelling : a Synopsis of the Changes which it has 

undergone through the Government Regulations of i88a ^per covers, 6d, 



BECKER'S FRIEDRICH DER GROSSE. With an His- 

torical Sketch of the Rise of Prussia and of the Times of Frederick the Great. 
With Map. By C A. BucHHBiM, Phil. Doc. 3*. 6d. 

CHAMISSO. Peter Schlemihl's Wundersame Geschichte. 

With Notes and Vocabulary. By Emma S. Buchhbim. Fourth Thousand, jw. 

GOETHE. Egmont. With a Life of Goethe, &c. By C. A. 

Buchhbim, PhU. Doc. Fourth Edition. 8vo, 3*. 

IphigenieaufTauris. A Drama. Fourth Edition. 35. 

Dichtung und Wahrheit. (The First Four Books.) 45. 6d. 

Hermann und Dorothea. With Introduction by E. Dow- 

DBN, LL.D., D.C.L. 3^. 

HALM'S Griseldis. By the Same. 3s. 

HEINE'S Harzreise. With a Life of Heine, &c. With Map. 

By the Same. Third Edition. as.6d. 

Prosa, being Selections from his Prose Works. By the 

Same. 4s. 6d, 
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HOFFMANN'S Heute mir Moi^;eii dir. By J. H. Maude, 
LESSING. Laokoon. By A. Hamann, PhiL Doc^ M^ 

Revised, with an Introdocdoa, bj L. B. Ufoott, ILA. ^ 6d. 

Minna von Bamhelm. A Comedy. With a Life of 

Ijtamz, Critical Aaahrris, Complete Com m e nta ry, ftc. BjCA. BponiKlM, 
PluLDoc. Sereath Edftaon. 3g.6d. 

Nathan der Weise. By the Same. Second Edition. 45. 6d, 

NIEBUHR'S Griechische Heroen-Geschichten. Tales of 

Greek Heroes. With Bmriirii Notes and Vocabolarj, by Bmma S. BucHHBOi. 

RIEHL'S Seines Vaters Sohn and Gespensterkampf. By 

H. T. Gbsbahs, ILA. as. 

SCHILLER'S Historische Skizzen: — Eemont's Lebenund Tod, 

amd BeUgemng von Antwerpen. By C. A. Buchhkim, FUL Doc. Fifth 
Edition, Revised and Bniaij^ed, with a Map. as. 6d. 

Wilhehn TelL With a Life of Schiller ; an Historical and 

Critical Intro<hiction, Argoments, a Complete Commentary, and Map. Seventh 
Bditioo. 3«. 6d. 

Wilhelm TelL School Edition. With Map. as. 

Jungfrau von Orieans. Second Edition. 45. 6d, 

Maria Stuart. 3s. 6d. 



SCHERER. A History of German Literature. ByW.ScHERER. 

Translated from the Third German Edition by Mrs. P. C. ComrsBAKB. Edited 
by the Rt. Hon. P. Max MiJiXBR. a vols. 8vo, a\s. 

Or, separately, los. 6d. each volume. 
A History of German Literature from the Accession of 

Prederick the Great to the Death of Goethe. Rq>rinted firom the above. 
Crown 8vo, st. 

MAX MOLLER. The German Classics from the Fourth to 

the Nineteenth Centnry. With Biographical Notices, Translations into Modem 
German, and Notes, by the Rt. Hon. P. Max MifLLBR, M.A. A New Edition, 
revised, enlarg^ed, and adapted to Wilhblm Schbrbr's Histoiy of German 
Literatnre, by P. Lichtbhstbiit. a vols. Crown 8vo, ais. 

Or, separately, los. 6d, each volume. 
WRIGHT. An Old High German Primer. With Grammar, 

Notes, and Glossary. By Joseph Wright, M.A., Ph.D. 3^. 6d, 

A Middle High German Primer. With Grammar, Notes, 

and Glossary. Second Edition, ^a. 6d. 

A Primer of the Gothic Language. Containing the Gospel 

of St. Mark, Selections from the other Gospels, and the Second Epistle to 
Timothy. With Grammar, Notes, and Glossary. Second Edition. 4«. 6d. 
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LATIN EDUCATIONAL WORKS. 

[All books art in extra foolscap octavo, bound in doth, and art tdittd 
with Introduction, Notts, 6r*c,, unless othtrwist describtdj] 

* SuppUtd to Ttachtrs only, on application to the Secrttary, Qarendon Press. 

GRAMMARS, LEXICONS, &c. 

ALLEN. Rudimenta Latina. Comprising Accidence, and 

Bzerdaes of a very Elementary Character, Tor the use of Be^nners. By 
J. Barrow Allbn, M.A. at, 

An Elementary Latin Grammar. New and Enlarged 

Edition. ae,6d. 

A First Latin Exercise Book. Eighth Edition, 25. 6d. 

— A Second Latin Exercise Book. Twenty-fifth Thousand. 
it.6d, 

♦ A Key to First and Second Latin Exercise Books. 55. net. 

— Tales. Adapted from the Text of Livy. With Notes, 

liapa, Vocabularies, and English Exercises. Stiff covers, is, 6d, each. 
'-) Of Early Rome. 
I Of the Roman Repablic, Part I. 



Part II. 

FOX and BROMLEY. Models and Exercises in Unseen 

Translation. By H. P. Fox, M.A., and T. M. Bromlbt, M.A. $9. 6d. 

* Key to Passages quoted in the above, 6d. net, 

GIBSON, W. S. An Introduction to Latin Syntax. 2s. 

JERRAM, C. S. Reddenda Minora, is. 6d. 

Anglice Reddenda. First Series. 25. 6d. 

Second Series. 3s. 

— Third Series. 35. 

LEE-WARNER, H. Hints and Helps for Latin Elegiacs. 

it.6d, 

* Key to the above, 4s. 6d, net. 

LEWIS. An Elementary Latin Dictionary. By Charlton T. 

Lbwis, Ph.D. Sqpiare 8vo, 7«. 6d, 

A Latin Dictionary for Schools. Small 4to, 12s. 6d. 

LINDSAY, W. M. A Short Historical Latin Grammar. Crown 

8vo, 5^ . 6d, 
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NUNNS, T. J. First Latin Reader. Ed. 3. 15. 6d. and as. 
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Select Orations (for Schools). In Verrem Actio Prima. 
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Edition. 8vo, i8«. 

Select Letters. Text. ' Second Edition. 4s. 
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! S^mo, 3«. 6d. ; on India Pi^>er, ss. 

I Aeneid. In Four Parts. Crown 8vo, 2s. each. 

j Aeneid I. By C. S. Jerram, M.A. Limp, 15.6^. 
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Charles Wordsworth, D.CL. Eighty-third Thoosand. i*. 6d. 

Graecae Grammaticae Rudimenta in usum Scholarum. 
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Third Edition, as. 6d. 
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Edition. 2S. 
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D.D. Fifth Edition. ^. 
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The Knights. Second Edition. 35. The Wasps. Second 
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Mathbson, M.A. 
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- Bacchae. By A. H. Cruickshank, M.A. 35. 6d, 
Cyclops. By W. E. Long, M.A. 2s. 6d, 

Hecuba. By C. B. Heberden, M.A. 25.6^. 

Helena; Heracleidae ; Ion; Iphigenia in Tauris. ByC. S. 

Jerram, M.A. 3^. each. 

Medea. By C. B. Heberden, M.A. 25. 

HERODOTUS. Books V and VI. Jerpsichore and Erato. 
By Evelyn Abbott, M.A., LL.D. With two Maps. Post 8vo, 6*. 

- Book IX. By the Same. 35. 

Selections. With Map. By W. W. Merry, D.D. 2s. 6d. 

HOMER FOR BEGINNERS. Iliad, Book III. By M. T. 

TilTHAU, M.A. IS. 6d. 
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— Book I. By the Same. is.6d. 

Book XXI. By Herbert Hailstone, M.A. is,6d. 

Odyssey. By W. W. Merry, D.D. New Edition. 
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Books I-II, and V-VI. 15. 6d. each. 

Books VIII-XII, XIII-XVIII, and XIX-XXVI. 3s. 

each. 
LUCIAN. Vera Historia. By C. S. Jerram, M.A. is.td, 
LYSIAS. Epitaphios. By F. J. Snell, B.A. 2s. 
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PLATO. The Apology. By St. George Stock, M.A. Third 

Bdittoo. 2s. 6d. 

Crito. 25. Meno. Second Edition. 2s. 6^/. 

Selections. By J. Purves, MA., and Preface by B. Jowett, 

M.A. Second Edition. 5«. 

PLUTARCH. Lives of the Gracchi, By G. E. Underhill, 

M.A. Crown 8to, 4«. 6tL 

SOPHOCLES. By Lewis Campbell, MA., and Evelyn Abbott, 

M.A. New Edition. 3 Vols. lor.&Z. 

Vol. I. Text, 45.6flf. ; Vol. 11. Notes, 6s. 

In Single Plays. Limp, 2s. each. 

Scenes from. By C. E. Laurence, M.A. Extra fcap. 8vo. 

Ajax, i^. 6d, Antigone, is. (uL 

Oedipus Rex : DindorTs Text, with Notes by W. Basil 

Jones, D.D., late Bishop of St. David's. Limp, m. dd, 

THEOCRITUS. By H. Kynaston, D.D. (late Snow). Fifth 

Edition. \s, 6d. 

THUCYDIDES. Book L With Maps. By W. H. Forbes, 

M.A. Post 8vo, &. 6{L 

Book in. By H. F. Fox, M.A. ^,6(L 

Translated into English, to which is prefixed an Essay on 

Inscriptions, and a Note on the Geography of Thncydides. By B. JOWBTT, M.A. 
Second Edition, Re\'i8ed. s Vols. 8vo. 15^. 

XENOPHON. Easy Selections. By J. S. Phillpotts, B.C.L., 

and C. S. JBRRAM, M.A. With Map. Third Edition. 3^. 6d, 
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potts, B.C.L. Fourth Edition. ^. 6d. 
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Anabasis. By C. S. Jerram, M.A. Book IL With Map, 
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BooklU. 2s.6d.\ Book IV. 2S. 
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Memorabilia. 45.6^. 

Cyropae'dia, Book I. By C. Bigg, D.D. Second Edition. 2s. 
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